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Viscosity Solutions of Second Order
Partial Differential Equations
Kris A. Kissel, M.S.

University of Pittsburgh, 2000

A general second order partial differential equation (on R™) can be written
as F(z,u(z), Du(z), D*u(x)) = 0 for some function F': R" x R x R" x S(n) — R,
where S(n) is the set of n x n symmetric real matrices. Here u : R" — R is the
unknown function for which we wish to solve.

A classical solution of this PDE is a function that is twice differentiable
which we can plug into the function F' as displayed above along with its derivatives
to obtain zero on the right side of the equation.

However, this classical understanding is insufficient. There are many PDE
for which one can prove that no C? function exists that solves the equation above.

One remedy invented to deal with this difficulty is the theory of distributions.
But distributions apply primarily to the linear case and do not lend themselves well
to nonlinear F'.

We must take a local point of view to deal with nonlinear equations. That
is to say, we must work with a different kind of generalized derivative that is defined
point-wise, instead of globally as in the case with distributions. These generalized

7 Looking at jets allows us to define “viscosity

pointwise derivatives are called “jets.
solutions” to certain differential equations.

In this thesis, we study a comparison principle in the class of semi-continuous
functions: if u s a subsolution and v is a supersolution on €2 in the viscosity sense,
and u < v on 0€2, then u < v in €.

We will use several deep results from real analysis about convex functions
in the course of proving these results, so we spend the first chapter studying convex

functions in preparation.



1

2

3

Contents

Convex Functions . . . . . . . . . . . . e 1
1.1 Basic Definitions and Well-Known Facts . . . .. . ... .. .. ... 1
1.2 Convex Functions are Locally Lipschitz . . . . .. ... ... ... .. 4
1.3 Second Derivatives in the Sense of Measures . . . . ... .. .. ... 14
1.4 Derivatives of Convex Functions arein BVj,. . . . . . . . .. .. ... 16
1.5 Aleksandrov’s Theorem . . . . . . . . . . ... .. ... .. ...... 20
1.6 Jensen’s Lemma . . . . . . . . . . ... 30
Viscosity Solutions . . . . . . . . . . . .. e 36
2.1 “Proper” Functions . . . . . . . . . . .. ... ... ... ... .. 37
2.2 Subjets and Superjets. . . . .. ... 39
2.3 Viscosity Solutions . . . . ... ... ... 42
2.4 Closures of Jets . . . . . . . . . ..o 43
The Comparison Principle . . . . . . . .. ... .. ... ... 45
3.1 Hamilton-Jacobi Equations . . . . . . .. ... ... ... ... .. 45
3.2 Sup Convolutions . . . . . . .. ... .. ... .. 49
3.3 The Maximum Principle . . . . . . . .. ... ... ... ... .. .. 56
3.4 The Comparison Principle . . . . . ... ... ... ... ....... 61

Bibliography . . . . . . . 69



List of Symbols

R the real numbers
R n-dimensional euclidean space
Q an open set in R"

B(z,7)  the open ball of radius r centered at z in R”

B(xz,r)  the closed ball of radius r centered at x in R”

08 the topological boundary of the set S C R”
L n-dimensional Lebesgue measure
a(n) the Lebesgue volume of the unit ball in R”
4 «J dr  the average value of f over the set X
Df the gradient of the function f
(this may be a classical or weak derivative, depending on context)
D%f the hessian matrix of the function f

(classical or weak second derivative)
J?>%u(z)  the second-order superjet of u at x (see p. 42)
J>~u(x) the second-order subjet of u at x (see p. 42)
J?u(z) the second-order jet of u at x (see p. 42)

T the closure of the second-order superjet of u at x (see p. 44)

T the closure of the second-order subjet of u at x (see p. 44)

72u(ﬂv) the closure of the second-order jet of u at = (see p. 44)

i the sup-convolution of the function f (see p. 50)

C’k(ﬂ) the space of k-times continuously differentiable functions on €2 for £ > 1
C () the space of continuous functions on 2

C*(Q)  the space of functions in C*(€2) with compact support

LP(2) the space of functions f on € such that [, |f|? dz < oo

L7 .(92)  the space of functions f on € such that [, |f|? dz < oo
for each compact set K C €2

USC(€2) the space of upper-semicontinuous functions on €2

LSC(S2) the space of lower-semicontinuous functions on

WHrP(Q)  the space of k-times weakly-differentiable functions in L?(£2) whose
weak derivatives are also in LT ()

Wl the space of k-times weakly-differentiable functions in L (€2) whose
weak derivatives are also in L} (€2)

(a, B) the inner product > a;8; on R"

Ne the standard mollifier defined by n(z) = Ce' TP if |z] < 1Tand n=0

otherwise; then n.(z) = &n(2); here C is chosen so that [p,n dz =1



Chapter 1

Convex Functions

When we prove the Maximum Principle later, we will use a technique whereby
we approximate a semicontinuous function by its “sup convolution.” The reason for
this is that, since sup convolutions have “jets” (generalized pointwise first and second
derivatives, which will be defined more precisely in Chapter 2) at the right places,
then we can show that the original function also has jets at the right places.

Why do we bother with this transformation at all if we still have to look for
the same things? We do so because the sup convolution is always semiconvex, and
semiconvexity, like convexity, implies second-order differentiability and therefore an
abundance of jets.

Our first goal here is to prove some local estimates for convex functions and
their derivatives. Then we move toward Aleksandrov’s Theorem, which states that a
convex function is twice pointwise-differentiable almost everywhere. The last result
in this chapter will be Jensen’s Lemma, which studies the local maxima we get from

a convex function by perturbing it with a linear term.

1.1 Basic Definitions and Well-Known Facts

Definition 1.1 Let 2 C R™ be a convex domain. nction Q2 — R ¢ aid to

be convex i o x, Qand< <1 e ave

nction Q2 — R ¢ aid to be semiconvex it convexit con tant > 0 i

() 3]x|*i conver



Definition 1. nction £ — R 4 aid to be Lipschitz continuous o t
Lipschitz ¢ t ee exit a con tant C > 0 ¢ tat o a =, Q e ave

| @) - ()I<Clz— |

eo em 1. em e s eoem Loca Li c it nction aedi een

tiab e a mo t eve ee it e ectto Lebe e mea e.

We will not prove Rademacher’s Theorem here. For a modern proof, the
reader should consult E .
We need the following elementary lemma to gain anything from Theorem

1.5 in the next section.
Lemm 1. onver nction on S a e oca bo nded and e emicontin o

oof

It is an elementary result that convex functions are continuous on lines (see
R ), so the lemma is clearly true in R'. In particular, convex functions are locally
bounded in R!, and we obtain this result in general by induction on the dimension n
as follows.

Suppose the result has been proved for a dimension n. Let K be a paral-
lelepiped in R™*!. The sides of the parallelepiped are connected, compact subsets of
n-dimensional hyperplanes. So by the inductive hypothesis, a convex function f is
bounded on the surface of the box K. Choose > 0 such that |f| <  on 0K.
Take any = = (1, ,x,4+1) in the interior of K. The line L = (z1, ,x,, ); R
intersects the box K at two points, say and . There exists with 0 < < 1 such

that x = (1 — ) . Now by convexity of f, we have

So f is bounded above.

Let  be a plane that passes through the interior of K such that the (n  1)-
th coordinate of points in  are identical. We will say that points in K with a greater
(n 1)-th coordinate are “above” | and that points with a lesser final coordinate
are “below”

Suppose x is above . Either or isbelow , and we may assume that

isit. Let  be the point of intersection of the plane  and the line L. There exists a



(new) with0< < 1suchthat = x (1— ) . By convexity, we have

That implies

Y
|
—
|
[a—y
N~—
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&

A similar argument goes through if x is below the plane . Since is a connected
subset of an n-dimensional hyperplane, f is bounded on by our inductive hypoth-
esis.

We have thus shown that convex functions are locally bounded for every
dimension n.

Fix a R and 2 € such that f(z) < a. Since convex functions are
continuous on lines, there exists 0 such that f(z ) < aforallz K here, K, is
the set of points = that share at least one coordinate with x and are a distance less
than or equal to from z.

Let K, be the convex-hull of K:

K= z (1- )z;0< <landz,z K,

It is easy to see that z is an interior point of K, and that f(z ) < a for all z K.
This proves that f~'( —co,a)) is open. Hence f is upper-semicontinuous.

[

Recall that upper-semicontinuous functions are in fact Lebesgue measurable.

Combining this knowledge with the lemma above, we see that a convex function f on

1

2 is in, for example, L; .

(€2). This is the point that we will need in the next section.



1. on e F nctions a e ocall 1 sc it

eo em 1. Let Q be a conver domain and f : & — R be a convex nction.
en 1 oca Li cit onS2 andt eeexit acon tant C de endin on onn

c tat

() sup | fISC )|f|d and

(IVE) ((I?,

C
() esssup (x7§)|Df|§?][( )|f|d

o eac ba B(z,r)C Q.

oof
te Suppose f  C?*(Q) is convex. Fix x Q. For each Q2 and for

each (0,1), we have

<f()—f(=)
Hence
(Df(w), —a) =t L LI 2O ) iy
So for all z, R™, we have that f( ) lies above the tangent hyperplane of f at z:

fC)= 1) (Dfz), —=) (1.1)

Suppose B(z,5) and B(x,r) C Q. The same reasoning that lead to equation

(1.1) shows f( ) > f( ) (Df( ), — ). Integrating this inequality over the ball



B( .3) gives us

/<,§>f()d 2/( _)f()d /( )(Df(), —)d

i) 2

Dividing both sides by the volume of B( ,3) to obtain averages yields

][()f()dsz ][( (DF(), = ) d
-70)

) 75)
’

(
= /()

This submean-value property for smooth convex functions leads to

f()é][(ﬁ)f()d §2”][(m’)|f()|d (1.2)

Choose a standard cut-off function C. (R") such that 0 < <1, | D |<Z,
= 1lon B(z,3), and = 0on R* B(x,7). We will use this cut-off function in
the normal way it is used to study solutions of elliptic equations: multiply f by the

cut-off function and integrate by parts.
By equation 1.1 again, we have f( ) > f( ) (Df( ), — ). Multiply both

sides by () and integrate with respect to  over B(z,r) to obtain

f()/()()d z/( SO () /( DSO, =) (d 0

Now we use integration by parts on the second integral on the right:

. PrOC=) O



Figure 1.1: The cut-off function is equal to 1 on B( ,3) and equal to 0 on the
domain Q outside B( ,r). It decreases smoothly between these regions.

where is the outward-pointing unit normal vector on 0B(x,r), and where we have
used the divergence theorem to obtain the surface integral in the last line. But by our
choice of | the integrand is zero on the surface dB(z, 1), hence the integral is zero.
This leaves just the term — [ @) fC)div( ( )( = ))d . Making this substitution

in equation 1.3 leads to
fOf Od= [ g0 O-avOf - ) d (14)
(z,) (=, )
We next wish to bound this integral below by a negative constant multiple of

JRESIE

The point is that we will end up with a bound for f( ) from below. Carrying out the

differentiation gives us

div( ()( = ))=-n() (= .D()



Consequently, we have

<n | — |[D ()]
2n

<n | - |—
’

3r 2n
n [ —
- 2 r
=n 3 2!

This shows us that

()=div( () = Nl ) Jdiv( () = )<l n 3 277

and we can therefore write

—/( O O=av( O = ) d
—dwv — d
S/(mlf()ll() (O =)l

<1 n 3 2’“)/( 1)1

Divide both ends of this expression by —1 to obtain a lower bound for the integral
on the left. Then substitute the result back in to 1.4 to find

f()/()()d 2/( SO OO = ) d

R I PRI



Figure 1.2: The shaded region is S, depicted here in the case n = 2. It is the sector
of the sphere B( ,5) B( .-) swept out to an angle = - from the vector Df( ).

Here we have bounded f( ) below by a constant multiple of @ )| f( )] d ,and in

1.2 we did the same for an upper bound. Combining these two results, we have proved

OGO (15)

This proves (i) for f  C?*(Q).
te Let B(z,3). Put

S :{ R";

If Df( ) =0, then S is just the hollowed out sphere - <| — |< 5. On the other
hand, if Df( ) is not 0, then this is still a set of positive volume. Observe that, for
any two vectors o, f R™ we have (a,3) =| a || B | cos , where is the angle
between o and 3. Therefore (o, 3) > 3 | o || B | whenever 0 < < —. Therefore S

is a sector of the hollowed out sphere described above, and it is the sector swept out

< - Ispad (070, - ) z510/01 - 1)

e~ =3

by an angle —. and as such S has positive volume. The volume of S depends only



on n, the dimension of the space. We can now calculate that, for all S,

(since f is convex)

—
—~
v
—
—~

S
—
—~
—~

I

>70) SIDIOI — | (e S)
> f() %|Df()|£ (again, since S)
=7() IDIO) L,
and thus <
DI IS =(FO) = F( ).

so by integrating over S and noting that S C B(x,r), we obtain

[ipsra <2 [ 1s0-s0)1 4
8

S—/(m,)lf()—f()ld

,
Since Df( ) is constant, we get the upper bound

8
D501 gy [, 1O =014

s ([ HOTa 1012w n)

sﬁ(/mw()l d 0/(x7)|f<>| 1)y

C
<t/ o1

This completes the proof of (i) for f  C?(€).

le Now we just assume that f is convex, not necessarily smooth. Define

<

fe = mn f, where 0 and 7, is the standard mollifier. (The operation is
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convolution.) Fix z, R™ 0< < 1. For each R",

Thus,

and integrating this gives us

[ JC=(=z =) m()d

<[ sC-amOd [ a= s - ) d

R
Thatis, f(z (1— ) )< f(z) (1— )fe( ). This says that f€ is convex.

Since f€ is smooth, we can use the estimates proved above:

Iﬂ)KQf(”fUId

and
€ C €
DFOILZf 1rO)] d
r (z, )
for B(z,3). Because f© — f a.e., we have

sO1af 1501

for a.e. B(z,5) since [ L,.(2) by Lemma 1.4, and this implies f¢ — fin L;

loc loc*



We claim that in fact | f( ) |[< Cif @ ) | f( )] d for all B(z, 5).
This will follow from the claim that f is continuous.
We know that | Df|< 2 | f( )| d ,and that

][(m’)lfe()ld e][mu(nd <oo as 0

Put = 1. Then there exists 0 such that @y | ) d < forall N
Thus

. C
| Dff < =~ (1.6)
for all N. This says the family of functions f¢ is equicontinuous on every

compact set in B(z,5). Each f¢ is continuous, it is pointwise bounded (by equation
1.6 and the pointwise convergence at some point), so f¢ contains a uniformly
convergent, subsequence. The limit of this sequence must be f. But a uniform limit
of continuous functions is continuous. Therefore f is continuous.
This proves (i) for general convex functions.
le Observe that

&
Dfe|l<— ¢ d 1.7
aw [Df = O] (1.7

(2,5

implies f€ is Lipschitz. That is, there exists K( ) 0 such that

[ FC) =) ISKO) ] 1= 2

forall 1, o B(z,3). Wecan take K( )= -2 @) | f¢C )| d , and noting that
w1 fC) [ d < asbefore, we get
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Using the pointwise convergence of f€to f as — 0, we obtain

[ SO = F(2) <

1= 2

So f is locally Lipschitz, and by Rademacher’s Theorem, D f exists almost everywhere.
By 1.6, whenever D f does exist, | Df |< -, so Df L'(B(z,3)), just like f. That
is, f  WY(B(x,3)), hence f<— fin Wi (B(z,5)), and Df¢ — Df ae.in B(z, 5).

Taking limits were they exist in 1.7 as  — 0, we have
&
ess sup (x,§)|Df|§—][ | fC) ] d,
r (z, )

which completes the proof of (ii) for general convex functions.

eo em 1. oef C*Q)i conver. en D*f >0 on Q.

oof By Taylor’s theorem, we can write

fO)=1) (Df(x), —=)

<( — ) /1(1— D f(z ( —x)d, _g;>

Since f( ) > f(x) (Df(x) — ) for convex f, we then have

<( — ) /1(1— \D2f(x ( —a))d, —x>
= /()= @)~ (Df@), —2)

>0



I
8
|
8
I
o
=
o

Let R™. Put == for 0. Then we have — 2

x (—2)==x . Hence

(o [0 @ Nd. —a
(- )
() [a- e el )

Y
o

Dividing both sides by , we obtain

< /1(1—)D2f(:c )d,>20

As — 0, D*f(z ) — D?f(x) uniformly on 0,1. So taking the limit as

— 0 gives us

Therefore (  D?f(x), ) >0, forall  R™
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1. econd De i ati esint e enseo eas es
eoem 1. Let f:R"” — R be conver. enteeexrit i ned adon mea e
L=t ¢ tat

2
0 dx:/ d’ (=1, ,n)

R" axlax

0 a C?(R™). temoe temea e " aenonneative o =1, ,n.
oof Fix R™ with | |=1, and write = (1, , ,). Let 7. be the standard
mollifier. Write f¢ = 1. f. Then f¢ is smooth and convex, so D?f¢ > 0. Let
C?(R™) with > 0. Then for each for each , 1, ,n,
82 6f€ o a2fe
‘ i dr=— —— i dr= i d
/Rn / 0x;0x . rn O O ¢ rn  O0x;0x ¢

Summing over and , we get

= 0? )
€ ) — € > .
Z.Ezl/nf3$i3$ , dx /n (,D*f°)ydx >0 (1.8)

Note that the final inequality follows because we chose > 0 and because D?f¢ > 0.
Now since f is convex, f is locally Lipschitz. In particular, f is continuous.
Thus f¢ — f uniformly on compact subsets of R".

Put L () =320 _; Jan f% ; dx. Then by 1.8 and the uniform conver-

gence of f¢ — f on the support of , we have

R 0?
L()zllmZ/nfaxiaxi dr >0

i, =1

L is a positive linear functional on C, (R™) and it satisfies the hypothesis
of the Riesz Representation Theorem. Therefore there exists a Radon measure  on
R" so that

L():/n d  forall C. (R



Let e, be the standard basis vectors for R*. Set “ = for =1

For = ,set = % to obtain

S 1 &
-\ 20m0n © 20mdr

B 1 82 1 82 1 82 1 82
© 20x;0x;  20x;0xr  20x dr; 20x Ox

1 0? 5 0? 0?
2\ 9z;01; Ox;0x Ox Ox

With these definitions for the measures “ and (= )), we have
82
i)i d
/Rn f@xiaxz f@x 5’351( ei)i(ei): d
= e;) dx
z e

and for = |

| oo de= [ 1 Z ([ 1 " |1 7
0x,;0x Py a:kaxl 2 \Jpn "~ Ox;0x; e~ Ox OX
n_l
-/, / o 2/ o

So if we set = -

for = , we can write

15

i)
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and this expression holds for all , M.

As a final note, observe that we made the measures “ nonnegative when
we defined % =

1. De 1 ati es o on e F nctions a e in

Definition 1. nction f L. (Q) a locally bounded variation in £ i o
eac 0 en etV CCQ

Sllp{/ [ div( ) dux; CHV;R™),| |< 1} < 0o

ite BV},(S2) to denote t e ace o  nction it oca  bo nded va iation on ).

eoeml. St t e eo em fo BV,,, n tions [ BVi(2) ten
teeextta adon mea e on€anda mea abe nction Q2 —R" ¢
t at

() () |=1ae it e ectto and

/fmv e .

0 a CH;R).

oof Define a linear functional L : C!(Q; R") — R by

—Af&ﬂ)m,

for CH(Q;R"). L is bounded since

C(V)=sup{L( );  CHV;R"),| [<1}<o0
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for each open set V' CC €. Therefore we can use continuity to extend L uniquely to

a linear functional L : C.(£2;R") — R, for which we have
sup {Z( ) Co(;R™),| [< 1, support C K} < 00

This is true for every compact set K C €2.
Therefore, by the Riesz Representation Theorem, there exist a Radon mea-

sure on £ and a -measurable function :R — R"™ such that

for all C.(€2;R™). This is exactly what we wanted to prove.

ot tion If f BV,.(2), we will henceforth write Df for the measure and
Df = Df , so that

/Qfdiv()dx:—/ﬂ d Df :—/ﬂ dDf

for all CHy; ™).

We also write ‘= ¢ Df for =1, ,n. Using Lebesgue’s Decomposi-
tion Theorem, we set = ‘. “ where ', L"and * L". Then
Zc - fz‘cn

- 1
for some function f; L,

(€2).



Further, we denote

18

b (2.2
Df c:( lc >
Df :( 1j ’ n)

")=DfL", and

Thus we see that the distributional-derivative of f satisfies

Df = Df . Df =DfL" Df ,

so that Df L}

loc

(€2;R™) is the density

measure Df .

eo em 1.1 Let f:Q — R be convex.

oof Let V CC Q, C3(V;R"), | |< 1. Then for k=1,

of

821
ankdw Z/ 8x8xk
_ i g ik
A

n

i=1

<[

The final inequality holds because | * |<

kk is positive and Radon, so each term of

of the absolutely continuous part of the

en

BV, (€2).

x1? 7 xp

n

? ?

sZ/Q| ) |

(since | | < 1and hassupport in V)

% v % k and each of

the sum is finite.

, " and



ot tion For a convex function f, we write

D*f

nl

where is an n X
| |=1 a.e. with respect to D?f .
We also write
0 f B

( )

in

nn

Using Lebesgue’s Decomposition Theorem, we set

where ¢, L™ and °
can write
0*f
- fz ) ( = ]-a
11 1n
(64 C
D? f o=

nl nn

L", so that °

c

and

matrix-valued function on € and is

D*f

:n>

= f; L™ for some f;

D2f

D*f

r1 T1

Tn X1

11

nl

D2 f

19

-measurable, with

Ll

loc

(€2), and we

1 Tn

Tn Tn

nn
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1. le sand o s €0 e

eoem1.11 lesn o s eo em Let f:Q — R be a conver nction.

en o L" a.e. x e ave

f() = f(@) = (Df(x), —=) =5 —2),D*f(@)( —))

Note that D?f(x) is the object defined in the notation section following Theorem 1.10
it is the weight of the absolutely continuous part of the distributional derivative of
f. (Our aim is to show that, on a set of full measure, this absolutely continuous part
is all that matters.)
oof By Rademacher’s Theorem, D f(x) exists for a.e. x. Recall that we have
the bound from Theorem 1.5 that ess sup , | Df |< —F (or3) | f() | d.so
Df L,,.(S2). Therefore a.e. x is a Lebesgue point for D f. That is,

lim][ IDf()=Df()| d =0 for e a (1.9)
(z,)

The “second derivative” D?f exists a.e., where we have defined % = f; , so that
ic = fz ﬁn’ and fz Ll

loc

(Q). So a.e. x is a Lebesgue point for D?f, i.e.
lim][ | D*f( )= D*f(x) | d =0 for a.e. x (1.10)
G

The matrix D2f , whose entries are measures and which is the singular part of D?f
is singular to £". Since D?f is a Radon measure, it is also a Borel measure, and
the balls B(x,r) shrink nicely to z, so (by Theorem 7.13 of R ),

D*f (B(z.r))
Lr(B(z,r))

lim =0 for L™ a.c. z
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Hence

D*f (B(z,r))

/r’fl

lim =0for L" ae. z (1.11)

Fix an x such that 1.9, 1.10 and 1.11 all hold (a.e. x will suffice). For simplicity of
notation, assume x = 0. Choose r 0. Let f¢ =17 f. Fix B(r). By Taylor’s

Theorem,

FO=r0 oro. ) [@-) .0 ) )

=f0) (Df0), ) (. .D*f(0) )

/\u—>,mf<>—mﬂm Vd .

where we have added and subtracted the term 1( ,D?f(0) ) in the last line.
Fix C%(B(r)) with | |< 1. Multiply the equation above by , average
over B(r) and apply a change of variables to get

RS P
£ O0O-ro-wro -5 .00 )

=/h—><fm<m,Dv%>—D%@ va ) d

jf1;<f(f(ﬂ,WfU—D%® va)a )

Put ()= [ ( )< (- ,D*f¢(') ) d . Then we manipulate sums and integrate by

parts to obtain

/2( 15550 0)

OFINCE



22

2—2/()@?2 () )rO)d

—=2/()3?; (O )r()d
L

:/uf()i;@i@ (). )d

Since f is convex, f is continuous, and f¢ — f uniformly on the support of (-).

Hence, as  — 0,

O 10X 5% ()
:i/() (=) d’

:Z.Z:/()(_)i ¢ ii;/w(_)i di
:f:jl/()miaai{a d i}l/()(—)i q
=/()(—)<,D2f() ) d é/()(—w q

Take absolute values, use the Cauchy-Schwarz inequality and replace | | by r to get,

for 0,

Ol

n—+2

1
-) . D*f° d
W|/()<<> F() yd |
(r )?

2 [ e D
()

<

Use | | <1 and the definition of f€ to see

e BNEOIR
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=r—i/( ){Z/ﬂf()(aaa nel - >d)2} d

Then by the definition of D?f as a distributional derivative,

N2 [ - ram]

gr—i/()/ﬂnx—w Dt d

That 7. is supported in B(0, ) and |7 < 1 leads to

| )] ( B ) 9
LS et a)a
o ( d)d D?
—_ f
e /( +e) /<> ()

Then by an Euclidean calculation of volumes, we see

IA

Ol e 0 iy v D B )

n—+2 -

We now claim the next inequality,

LT o) 0 ey )@ | DO D) )

n+2 -

To see this, first observe that we assumed 0 to be a Lebesgue point so that

2
LD B )
( +e) (r )
Hence there exists 0 such that for 0, r <

| DY (B0 ) _




and then for 0 < r <

Also,

hmf(ﬁ”Dﬂ)—DKMId
:hmm/( +E)|Df( )—=D7f(0) | d

=0
Consequently, for 0 < r <, making smaller now, if necessary, we have

a@ﬁf—y/(mlDﬂ)—DﬂmldSL

that is,

[ PO-DO1 4 <oty

Therefore we can compute, for 0 < r <

D*f (B(r )= D*f [(B(r )

< D (B ) | Df | (Brr )
[ pHOLd 0 B )
:/(H«Wﬂ>—Wﬂm D2f(0) | d

| D*f [(B(r )

24
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Ol roam n o e DO D )
(S D
< C2"r"
e

<)
= C’12"r",
and otherwise, if < r , we have
3 n n n n n n 2 n
min ()N ) e ) )

n n nn - n n
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So| ()£ Cy ™2 Since ™2 LY (B(r )), we may apply Lebesgue’s Dominated

Convergence Theorem to . and let — 0in 1.12 to get

imDvu ) a

1mf<) ( D) -0 ) d

/lmﬁiﬂfﬂ‘“ i)

We now analyze these integrals to show that each is (r?) as r — 0.

= (o pr0-p0) ya)al
<[5 (/ O PO =D 1) d
<[5 wf(f(|Dfm O 4 ) a
e fa(f =) g

Since the point 0 is a Lebesgue point, -f O | D?*f()=D*f(0)| d —0asr — 0.
Hence (1— }f [ D*f( ) = D*f(0) | d — 0 uniformly as r — 0, for 0,1.
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Therefore,

/1“‘ )<][ DO =D 0)] d) d 0 asr—0
Therefore,
T2/1(1_ >(][( )|DQf( ) = D*f(0) | d) d = (?) asr—0

Similarly, we have

/%(Z/u o C“)‘j
g/ﬁ(i/( T Tl i|) d
< [ ot (Z [ e |> d

[ 1) d
“ai ] oo (R

By assumption, # —0asr— 0,80 (1 — ) ( 2( gn( ))> — 0 uniformly

asr — 0, on 0,1 . Hence,

/1(1— )<| D2f<r|)(f3(r ))) d -0 asr—20

Therefore,

5 e (P e
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Take the supremum over all C2(B(r)) with | |< 1 to obtain

f(Jﬂ)—ﬂ@—Uﬁmx>—g,Dvm>>¢1=<ﬁ> st — 0

Put ()= () % | |%. Notice that is convex since f( ) is convex, f(0) is

(
constant, (D f(0), ) is linear and —3( ,D?f(0) ) % | |* is convex, because

| D2f(0) | D2f(0)
2 2

is positive semidefinite, as it follows easily from Cauchy-Schwarz.

Since is convex, there is a constant C' such that

C
esssup ()| D [ < ][ | | d

)
D2
g—f y —f IO g
" ) ()

2
T () 2

Using the triangle inequality on | D |=| D | D*f(0) | | gives us

d

¢ ¢ D2(0) | ,
s |0 | e S 001
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Because D can be redefined on a null set, we might as well say

r

sup|D|§€][ | | 4 Cr
3 ()

(3)

for some new constant C. Fix 0 < ,7n < 1, such that n% < % Observe that

We now know that £" (r)]l ()]= r* = () asr — 0. Thus for some

r =r (,n), we have
L B(r)|| ()|= ™ <nL™(B(r)) for0<r<r

Hence for each B(5), there exists B( ,nar) C B(r) such that | () |< r2.

For if not,
L B0 ()= r* = LB ) = aln) () = nL"(B(r))

This would be a contradiction; consequently we get the desired , and we have
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< 7r? C'n%r2 (for some new constant C)

provided we choose 7 such that Cn% < and keep r small enough.

We have thus shown that sup ()| [= (r?)asr—0,1ie,

sup
(3)

JO=10=DFO) =300 )| = () asr—0

This result actually holds for every x €2 that satisfies 1.9, 1.10 and 1.11. Therefore,

for L™ a.e. x, we have
)

1. ensens e a

To finish this chapter, we prove Jensen’s Lemma. If we perturb a semi-
convex function with a strict local maximum just a little, by adding a linear term to
it, we can end up with functions with local maxima near where the original maximum
was. In a given ball around the original strict maximum, how many points of the ball
can be a local maximum for some linear perturbation? Jensen’'s Lemma says the set
of potential local maxima has positive measure, in a given ball of any radius. This is

a key result.

eo em 1.1 ensen s Lemm Let : Q2 — R be emiconver and x be a t ict

oca maxim m ointo . 0 R™ et ,(z)= (x) (,z). en o r, 0
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K={x B(z,r)tecezit B o ic , a a oca mazim m at x}

a o tlive mea e.

oof
te Assume C?(2) and r is so small that has z as a unique

maximum point in B(x,r). Then there exists 0 such that
() sup ()| —zf=r |

because , being continuous, must attain a supremum on the circle, and that must
be strictly less than the unique maximum (x).
Choose 0 so that

<
“3sup | ;| —z|=r

Then for B and x  9B(z,r), we have

<sup (z);z OB(z,r) | =]

<sup (z);z OB(z,r) 3

On the other hand, if we also require that

1 flz|=0

5 [ lel=0

2z
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then we get

sup  (z);x OB(x,r) —| [[z|

5 sup (x);x  OB(z,7)

Since this says that there is a point in the interior B(z, r) that takes a value greater
than that achieved by , on the boundary 0B(x,r), we have thus shown that every

maximum of , with respect to B(x,r) lies in its interior. Now let #  B(x,r) be

an interior maximum of , for B . Then D ,(z) =0,s0 D (z) = — . Thus
— D (K),since z K. Since all , have interior maxima, — D (K) for all

B . Therefore B C D (K).
Let 0 so that (z) 3|z |* be convex. (Observe that we cannot take

= 0 here, since that would make convex, and convex functions cannot have strict

local maxima.) Then D? (x) > 0, by Theorem 1.6. Hence — < D? (z).

Since D? (z) < 0 at any x which is a local max for some ,, we have
D? (z) <Oforallz K. Consequently, — < D? (z)<Oforallz K.

Fix + K and let ; be an eigenvector for D? (z) and ; be an associated
eigenvalue. Then

— [ aP< ]P0

Hence — < ; <0, since eigenvectors must be nonzero. This implies 0 <| ; |<| |
Consequently,

|det D* (z)| =112 <]

where 1, , are the n eigenvalues of D? (x). Now using the change-of-variables

formula, we have

£(B) <00 (W) < [ Ja D @) de< [ || L)
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Divide the far sides of this equation by | |™ to get

LB
This shows that L*(K) 0if is C2
te Now we turn to a general semiconvex function . Define =1,

where 7). is the standard mollifier. If (z) 2 |z |?is convex, thensois ( (z) 3|z |°).
(see the proof of Aleksandrov’s Theorem). We want to show that is  is semiconvex

with convexity constant , then sois ..

(@ 51eB) = [ a0) @=) gla=

=), 01 P (113

The second to last term vanishes:

[ woa=[ aOwia [l

(where B(0, )t = == (21, ,x,) B(0, );z1 >0 ,and B(0, )~ = B(0, ) B(0, )™)

va [ e

/ O
/(’E) n( Yz, ) d /(,6) 1l Yo — ) d

— 0, (1.14)
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where we used the fact in the last line that 7, is radial.

The last integral in 1.13 is a finite constant:

/ ()| P d s/
( €) ()

Because the last term in 1.13 is constant, it does not affect the derivatives

)

of the whole sum, and it thus has no effect on convexity. Now since (z) 5|z |?
is convex, (z) 3 |z |?is convex. That is, .(z) is semiconvex, with convexity
constant

Therefore each of the sets
K.={z B(z.r); (z) ( ,z)hasa maxat z for some B}

satisfies the property proved above for C? functions:

L"(B
ey = 2
Let U :Ul: K, 1 = ,andU:ﬂ :1Ul: K B SinC6U1CU2C ;
we see that decreases monotonically to . Also note that ;  L'(€2). Using

Lebesgue’s Monotone Convergence Theorem, we get

L£"(U) :/ﬂ dr = lim /ﬂ dx > £|”(B) 0

| n

That is, £ _; U, K1) > 2o

Y
Last, we wish toshow that (| _; U, Ki;C K. Supposez () _, U Ki
Then for infinitely many N, there exists = () B such that ( ,( ))1

has a max at x. Observe that () _; has an accumulation point, callit ,in B .

Hence there is a subsequence 1 € Nsuch that ( , ));1  has a max at x for

i g=

each  Nand ( ;)— as — oo



Note that

and

by the same kind of argument as in 1.14.
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Therefore ( ¢ )1  converges uniformly to ,, and , then has a mini-

mum at X. So z satisfies the required properties for inclusion in K.

That is, (| _; U, K1 C K. Hence

0<£n(m UK1 1) < LK)

=1l=



Chapter 2

Viscosity Solutions

In this chapter, we lay out the concept of viscosity solutions for second order
PDE. We would like to be able to solve a wide class of PDE of the form

F(z,u(z), Du(x), D*u(x)) = 0,

where F is some function that maps R" x R x R™ x S(n) — R. Here S(n) is the set
of n x n symmetric matrices with real entries.

The problem is that there aren’t enough twice-differentiable functions to pro-
vide solutions for most nonlinear F, nor even linear ones with nonsmooth coefficients.
So to develop an interesting theory and enough solutions to satisfy applications, we
need to generalize what we mean by a “solution” of a PDE in such a way that allows
for nonsmooth functions to be considered solutions, provided they meet certain ap-
propriate requirements. Defining what those requirements should be is the point of
this chapter.

In the theory of linear PDE, one can talk about Sobolev functions or dis-
tributions, because they make sense under linear operations. Thus, one can define a
solution of a linear PDE to be a weakly-differentiable function that satisfies the given
PDE in the sense of distributions.

But in the nonlinear situation, this method breaks down. For example, if
the PDE involves taking the square of a function or its derivatives, that becomes
a difficulty. Distributions are essentially objects that live only in a linear space.
Although we can add distributions and multiply them by C' functions, it does not
in general make sense to talk about multiplying two distributions.

So we need to develop other frameworks for dealing with nonlinear PDE.

For example, in the situation of Hamilton-Jacobi equations, the Hopf-Lax formula



37

demonstrates such a method: it produces solutions by minimizing some functional
related to the PDE. But methods like this still require that an appropriate and useful
meaning be assigned to the word “solution.”

A step in this direction is defining so-called vi co it o tion of second order
PDE. This is a generalization of the classical theory of subharmonic functions of F.
Riesz and T. Rado. The modern aspects of this theory are due to Lions, Crandall,
Ishii, Evans and Jensen.

The adjective “viscosity” is a relic of an earlier theory out of which this
one grew. It was a theory for first-order PDE that worked as follows: One could
approximate a fully-nonlinear first-order PDE with a quasilinear second order PDE
whose solutions were easier to define (they were always smooth). The approximation
was achieved in part by adding a small “viscosity” term a constant multiple of the
Laplacian of a solution to the PDE. As this constant multiple was sent to zero, the
original PDE would emerge. This was called the “method of vanishing viscosity.” (For
more on the first-order theory, see Evans, 1998 ) This first-order viscosity-solution
theory also makes rigorous the Hopf-Lax formula described above as a “solution” to
a PDE.

The definition of “viscosity solution” that was developed with that theory

evolved into the one we turn to now for second-order PDE.

N | o e F nctions

Second order PDE are those that can be written as

F(z,u(x), Du(x), D*u(z)) = 0,

for some function F. There is no general theory for the solution of all PDE, so we
must restrict our attention to particular classes of functions F.

In this essay, we will be concerned with 0 e functions F.
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Definition .1 nction F': R" x R x R" x S(n) — R i aid to be proper i it

att e

F(z,r, ,X)<F(z, , ,X) enever r < and

F(z,r, , X)< F(x,r, , ) enever < X

So “proper” just means that F'is increasing in the second variable, r, and decreasing

in the last variable, X. The ordering on matrices in S(n) is given by

<X —X <0,

that is to say, < X whenever the matrix — X is negative semidefinite.
L 1: Let the symmetric matrix ~ ; (x) be positive semidefinite
for each x and let (2) > 0 Then we can write the elliptic PDE in non-divergence

form

S @ 3 @ @) = @),

i, =1 1=

or we can write the PDE as F(x,u(z), Du(x), D*u(z)) = 0 by setting

n

Fz,r, ,X)=—trace( (z)X) > i(z); (2)r— f(z)

i=1

With these conditions on (z) and (z), F' is proper.
L  : Suppose F(z,u(z), Du(x)) is a first order equation, so that
it does not depend on D?u. Then F is proper as long as it is increasing in the second

variable. For instance,

is a proper function as long as (z) > 0 for all x. This corresponds to the first order
PDE

f(z, Du(z))  (z)u(z) =0
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L  : Consider the -Laplace equation ,u(z) = f(z) defined
by pu(z) = div(|Du[P~?)Du). This is a nonlinear second order equation in gen-
eral, though in the case = 2 it simplifies to the regular (linear) Laplace equation.

Differentiation shows that

- p— p—2 0*u
=Y (( —2)|Dul | Du| )5;

i=1
Therfore the -Laplace equation can be written as above using the proper function

n

Flazr, , )=) (( =21 [P?) w-fl2)

i=1

These are simple examples that are by no means exhaustive. But they do
illustrate the fact that we have plenty of PDE that can be represented by proper
functions F. For more examples, see CIL .

Through the rest of this essay, F' will be a proper function as defined above.

We also assume that /' is continuous from now on.

. ets and e ets

In order to think of a nonsmooth function as a solution to a PDE, we must
generalize the idea of derivative. This can be done globally, as in the case of Sobolev
functions, but to work with nonlinear equations, we need a local point of view we
need to be able to discuss pointwise values so we can perform nonlinear operations
on these generalized derivatives.

For the moment, suppose u  C?(€2). Then we call u a classical subsolution
of the PDE given by F = 0 if F(x,u(x)Du(z), D*u(z)) < 0 for all z €. Suppose
that C?*(Q) and z is a local maximum of w — . Then D(u — )(z) = 0, so

Du(z) = D (x). Similarly, D*(u— )(z) <0, so D*u(z) < D? (x). Now because we
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assume [ to be proper, we get

F(z,u(z),D (x),D* (x)) = F(x,u(z), Du(z), D* (x))
< F(x,u(z), Du(z), D*u(x))

<0

Notice that the inequality F(x,u(x), D (z),D* (z)) < 0 does not depend on the
derivatives of u, but that it does hold for any C? function and local maximum z of
u — . This observation leads directly to our notion of generalized derivative.

We look for vectors " and symmetric matrices X  S(n) that can be
used in place of the first and second derivatives in the function F. If we also see that,
near this local maximum z of u — | we have u(z) < wu(z)— (z) (), then we use

a Taylor approximation to write

1
u(z) <u(z) (D ,xz—x) §<D2 (x—z)z—2) (z—2) asaz—a (2.1)
This notation might require explanation. We write f( ) < () (%) —
to mean that there exists a function ( ) > 0 such that () = ( ?) —

and f( ) = () () in a neighborhood of . A similar definition exists for
fO)Y>= () (2, this time with () <0.

In general, equation 2.1 may be true when we replace D (z) with some
other vectors and D? (x) with some other matrices. For instance, suppose f( ) = 2

is defined on the interval (—1,1). Then we can write



41

where we can take = 0 and X = 2. But notice that we could also take, say, X =4,
and this inequality will still be true.

Or instead, if we look at f( ) =| | on the interval (—1,1), then we could
take = —1. But we couldn’t find an X to work.

We can think of the situation like this: suppose we throw out all the terms
of f with order higher than 2. Then we can take and X to be the first and second
derivatives, respectively, of any quadratic that touches the graph of f from above at

= . These are the vectors and matrices that satisfy 2.1. (And we can think of
these quadratics as the C? functions , locally and modulo their higher order terms,
that give a local maximum of (u — ) at the desired point.)

We return to the notation of Taylor approximations and denote the set of

pairs ( , X)) that work in this way as follows.

Definition . o a nctionu:€f2—R ede net e second order superjet of u

at x b
Jhu(e) = (LX) R'xS(n)|u( ) <u@) (., —u) (2.2)
1 2
SX( —a), —a) (- P)
mi a e de net e second order subjet of u at x b

Ju@)= (,X) R"xS(n)|u( ) >uz) (, —2) (2.3)

Lat ede ne J*u(x) = J>" N J*> u(x).

Note for later reference that J*>Tu(x) = —J*(—u)(z), and that the intersection
J?u(z) of the subjet and superjet of u at x is nonempty if and only if u is twice-
differentiable at x (that is, there exists a second-order Taylor approximation to ).
In summary, looking at the Taylor-expansion properties of differentiable
functions leads to our generalized pointwise derivatives the jets just as looking at
the integration-by-parts properties of differentiable functions leads to distributional

derivatives. Taylor expansions are local events, whereas integration is a more global
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event, and these differences lead to greater variety in the applications we can now

approach.
. iscosit ol tions
Definition . nctionw  USC(S2) i ca ed a viscosity subsolution o
F(z,u(z), Du(x), D*u(x)) =0 (2.4)
l
F(z,u(z), ,X)<0 0 a v Qanda (,X) J*"u(x)
nction v LSC(R) i ca ed a viscosity supersolution o e ation . i
F(z,v(z), ,X)>0 0 a 2 Qanda (,X) J* v(z)
nction ¢ a viscosity solution o e ation . ¢ it i bot a vi co it b o tion
and a vi co it e o tion.

This definition is perfectly consistent with the classical definition of a solu-
tion, because the intersection of the subjet and the superjet of a twice differentiable
function contains just the first and second derivatives of the function, and these in-
equalities are satisfied immediately.

From here on we will usually drop the term “viscosity” and simply refer to
solutions, subsolutions and supersolutions for the rest of this essay.

Definition 2.3 imposes conditions of semicontinuity on the subsolutions and
supersolutions. This forces a solution to be continuous, since upper-semicontinuity
plus lower-semicontinuity implies continuity.

One reason for requiring semicontinuity is that upper-semicontinuous func-
tions achieve their local maxima, so it is possible to find local maxima of u — , as
discussed in Section 2, for subsolutions u and C? functions . It is similarly possible

to find local maxima for — v, when v is a lower-semicontinuous supersolution.
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. los eso ets

In our later developments, we will approximate an interior maximum of
u — v, with u a subsolution and v a supersolution, by considering a sequence of points
x , in © chosen such that u(z ) — v( ) approaches this internal maximum.
We will show that points in these sequences have nonempty “jet closures.” Even
though the jets themselves might be empty at the desired max of u — v and along
the approximating sequences, we will be able to use the inequalities satisfied by
subsolutions and supersolutions thanks to the continuity of the function F. This idea
will be made more clear after the next definition.

To facilitate our work in this direction, we use the following notation.

Definition . eclosure o t e betJg u(x) i de ned to be

Tou@= (. X)](@ uz), X )= (@u@), ,X) (2.5)

imia teclosure o te e etJg u(x)i

To u@ = (,X)| (@ uz), X )= (@u@), X) (2.6)

a —ooand( X ) JF u(z )

mna a mi tbeex eted e et

Jou()= (. X)[( ,ulz ), X )—(z.ul2), X) (2.7)

a —ooand( ,X ) Jiu(z )

These definitions will provide a useful notational convenience later on.

Suppose u is a viscosity subsolution of F' = 0 and ( ,X) 7?]’+u(x) for
some z in the domain €2. Then by the definition of the closure of a superjet, there
exist (X ) Jgtu(z ) with (z ,u(z ), ,X )— (z,u(z), ,X). Since u is a
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subsolution, we have

Because F'is continuous, we can take the limit as  — 0o to obtain

F(z,u(z), ,X)<0

So even though ( , X) is not in an appropriate jet as required by the definition of a
viscosity subsolution, and the genuine jet may in fact be empty, we can still write
this as a meaningful inequality for a pair ( , X) in the closure of the superjet.

Similar statements hold for supersolutions and the closures of subjets.



Chapter 3

The Comparison Principle

In this chapter, we first work to prove that the closures of jets are nonempty
at local maxima of upper semicontinuous functions. At the end of the chapter, we will
use this fact to prove the uniqueness of solutions to the Dirichlet problem for certain
PDE, when solutions are understood in the viscosity sense. In between, we will cover
the “comparison principle” which states that subsolutions are less than or equal to
supersolutions throughout a domain on which the supersolution’s boundary values
majorize those of the subsolution. The uniqueness theorem is then an immediate
consequence of this comparison principle.

But before we start any of this, let us first try to motivate the primary tool
used in this chapter, the so-called “sup convolutions” which are used to obtain the

nonempty jets we need in the maximum principle.

1 a 1ilton- aco 1 ations

Let us brie y recall the Hamilton-Jacobi equation:

u (Du) =0 in R™ x (0, 00)

(3.1)

u= onR"x =0
Here, :R™ — R is a given convex function (called the Hamiltonian) that is un-
bounded in all directions, and u (Du) = 0 is the differential equation we wish to

solve, subject to the initial conditions that a solution u must equal the given function

on the initial boundary, R* x =0 .
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u(x,t)

u,+ H(Du)=0

u(x,0=9(x)

This Hamilton-Jacobi equation is a first-order nonlinear equation in general,
and it can be thought of as taking an initial function and evolving it in time according
to the differential equation u (Du) = 0.

One can find intimate connections between viscosity solutions and Hamilton-
Jacobi equations. The most basic connection is that the first-order theory of viscosity
solutions was developed to make rigorous the notion of a solution to 3.1. In general,
the solutions of 3.1 are not smooth for all times . So we need to be careful and define
what we mean by a generalized solution to the PDE. Distributions are no good in this
setting, because they do not ordinarily make sense under nonlinear operations (for
example, you cannot multiply distributions together, but we may very well have a
given Hamiltonian function  that performs some such operation on the components
of Du).

The first-order theory of viscosity solutions provided a framework for solu-
tions to 3.1 by making rigorous the “method of vanishing viscosity” that was some-
times used to solve these PDE. (See E for more details on this, as well as all the
other facts mentioned in this section.)

An explicit formula for solving Hamilton-Jacobi equations which is also made
rigorous by the theory of first-order viscosity solutions is the so-called Hopf-lax for-

mula. To a given Hamiltonian function — we associate a Lagrangian function L (also
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called the “convex dual” of ) defined by

L( )= sup - () for R" (3.2)

R

Using the calculus of variations, one can then prove:

eo em .1 z R" and O tente o tiono te

ami ton acobi e ation . int e tode wvicoit enei

u(z, ) = i%{ L(”““_ ) ( )} (3.3)

L Suppose we want to solve the PDE

u  3Du*=0 inR"xR
u= onR"x =0
This is clearly a Hamilton-Jacobi equation with Hamiltonian () = 3| |%

Since — 2| |? is differentiable, we can use calculus to find a solution of

3.2. Doing so gives us the Lagrangian

L)=3l P (= ()

Therefore, using the Hopf-Lax Formula 3.3, we obtain the solution

we )= {le= PO} (3.4

Next, we mention some of the properties of solutions defined by the Hopf-Lax

formula. But first, another definition is in order.

Definition . nction f:Q — R i aid to be concave on t e domain 2 ¢ —f

1 convex on S2. nction f i aid to be semiconcave on 2 i —f i emiconvex on
Q.



48

It is apparent that a function f is semiconcave if and only if there exists

0 such that f(z) — % | « |* is concave. This is called a emiconcavit con tant,

and we can see that it is also a semiconvexity constant for —f. We bring up this

definition because the properties of the Hopf-Lax formula are most easily described
in this way.

Suppose that the following are true: (1) :R™ — R is a smooth Hamilto-
nian, and (2) : R"™ — R is a Lipschitz-continuous initial-value function. Then the
function w defined by the Hopf-Lax formula is Lipschitz continuous in R™ x 0, 00).
By Rademacher’s Theorem, we immediately know that wu is differentiable almost ev-
erywhere.

But there’s more. The solution u is semiconcave if  is semiconcave or if the
Hamiltonian  is “uniformly convex,” which means simply that there is a constant

0 such that

n

Z pp ()i 2 ||2 for all R"

i, =1

For instance, the Hamiltonian in our last example, ( )= %| |2, is uniformly convex
1

with constant = 3.

So nice Hamiltonians, such as the one in our example, have a regularizing
effect on solutions. Given a Lipschitz initial-value function, we can evolve it in time
with a Hamilton-Jacobi equation, and at every positive time , the solution will be
semiconcave, which makes it the negative of a semiconvex function. (We will prove
these convexity properties only in the special case of the previous example; for a more
general approach, the reader may consult E.) Now recall Aleksandrov’s Theorem
from Chapter 1: (semi)convex functions are ¢ ice di e entiab e almost everywhere.
So our solution must be twice-differentiable almost everywhere, too.

All this is to say that a Hamilton-Jacobi equation, with a uniformly convex
Hamiltonian, will evolve a Lipschitz (read: once-differentiable a.e.) function into a
semiconcave (read: twice-differentiable a.e.) function.

Realizing what is going on here, and looking to associate nonempty jets to

given functions as we will try to do later, we might wonder the following: ¢ it o ibe

to evo ve an e emiconlin o nction m a imia manne it a amiton
acobi e ationto eta o ltiont at1 t ice di e entiab e a mo t eve ee nd
1 0 1 it te an tin abo tt e e a it oetie ot einitia nction

The answers to both of these questions are “Yes”
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] on ol tions

Look again at the Hopf-Lax formula 3.3. This expression can also be written
as a supremum by using the identity —(inf ) = sup(— ), for any set  of real

numbers, yielding

1

~ute ) =sup {= ()= 3lo= P}
Rn

Let us clean up the notation a bit by writing (z, )= —u(x, ) and ()= — ().

Now we are looking at

) =swp{ ()=l 1] (35)

RTL

Despite the fact that we are not assuming to be Lipschitz, we can still show that,
under lesser conditions on , w is a semiconcave function of z for all fixed 0. (We
will prove this shortly.)
In other words, given an upper-semicontinuous function , the function
(x, ) defined by 3.5 is semiconvex in x. This result is what we need to proceed: we
will find jets on the function (x, ) using Aleksandrov’s Theorem, and somehow we
will show that they imply the existence of jets on the function
It should now be clear that we will make thorough use of the following

definition.

Definition . oef USCR )i bo nded above. o 0 de net e sup

convolution fy o f b

he) = sw (7= 5o ) (36)
R

The next lemma tells us of the the existence of second-order jets with good
bounds for semiconvex functions. As the reader might anticipate, we intend to apply
this result to the sup convolutions as an intermediate step to deriving the existence

of jets on the original function.

Lemm . f CR ) B S(C) f() 3| [*i converand
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tenteei an X S( ) ¢ tat(0,X) j2f(0)and— <X <B.

oof Since maxg (f( )—5(B ., ))= f(0), the function

has a strict local max at = 0. By Aleksandrov’s Theorem, f( ) 2| [?is
twice differentiable almost everywhere (because it is convex). Hence f( ) is twice
differentiable almost everywhere, and so is ().

By Jensen’s Lemma, for every 0, there is a set S C B such that S has

positive measure, and for any S there exists B for which

() () (3.7)

has a max at . Since ( ) is twice differentiable almost everywhere, it follows that

we can choose  so D () and D? () exist.

Observe that D () =0, because isalocal maxof () ( , ). So
we have
| DFC)I<ID ()] [B | 4] |
<|I- [ B | 4] |
<\ [ B[ 4] |
= () as —0F
Since f( ) 4| |?is convex, it has a nonnegative second derivative almost every-
where:
p’rc)y =0,
that is,
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Moreoever, at , () ( , ) has alocal max, so D? is nonpositive:
D* ()=D*()-B-4] P 8 <0
Thus, it follows that
D*f( )<B (7 (3.9)
Combining 3.8 with 3.9 yields
— <D*()<B (¥ (3.10)
Since  is chosen so that f is twice differentiable there, we have

(DSC ), D) JC)

Choose a sequence f ,_; so that y — 0as k — oo, and | ; [< 1 forall & N.
Then
(DfC ), D* () (),

and provided the limits exist as £ — oo, we see
(Jim DF( ), lim D*F( ) T 4(0)
Since | Df( ) |= (&) as k — oo, we have
lim Df( ) =0

Put = S()—- < <B . Then for :
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This shows that  is a bounded subset of the Euclidean space R °. Clearly is
closedin R *. Thus is compact. Infinite sequences in compact sets have convergent
subsequences, so we can pass to a subsequence of  ,_, such that D?f( ) converges
to some X S( ). This is the matrix X we needed: (0, X) 72f(0)

Finally, by 3.10, since — < X < B () for all j in the chosen
subsequence, and p — 0, we get — < X < B.
|
Lemm . Let 0 f USC(R"™) be bo nded above oba  and

@) =swp f()=5lz— |

be t e convo tiono f.  (, ) J*Tfaz) ten( , ) Jfla )
md fuz) Al P=f@ )

oof Suppose ( , ) J*Tfi(z ). Since f is upper-semicontinuous we can find

R™ such that the supremum in the sup convolution is obtained, i.e.

Pa)=f()=5l - P (3.11)

Claim: For any =z, R™, we have

f@) -5l —aP<fC) Sl —w P, —a)

S (=) —e) (—xP) @a2)

In particular, this is true for =z — x , and making this substitution in 3.12

yields
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Now cancel the term 3|z — |? from each side to obtain

This holds for all z R"™, and it therefore says that

() ) (3.13)

That is to say, because the sup convolution has a non-empty superjet at a point = ,
the original function must also have a non-empty superjet (and it contains the same
pair ) at a point  that depends on = . Next we want to demonstrate that this  is
close to x .

We can weaken 3.12 by consuming the last inner product into the error term

and writing

@) -5l —aP <) 5l —xP (. o-z) (| —zP) (31
Again, this holds for all z, R™, and now we make the substitutions x =  and
=z o (z — ) ), where « is a negative number of small magnitude (whose

relevance will be made apparent in a moment). Make this substitution in 3.14 to see
that

<fC) gl == Calz =) ) (o= - )= )P
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Cancel like terms from each side again, and consume higher-order terms into the

error:

<(.,a((@-") ) (ol @-") P

Finally, we move everything to the right side of the equation and combine the two

inner products into one, then factor the a out of the inner product to reach

0<|( (@ = aal (@ =) ) (al @ —=) )P
<ol (@ - ) ) (ol (@-) P (3.15)

Now remember that x , and  were fixed vectors in R", so the expression in 3.15
really only depends on a. The first term on the right is linear in «, and the error term

can be written as  (|a|?). This is where our choice of a@ < 0 becomes useful: we can

drop the error term if the magnitude of « is sufficiently small, leaving the inequality

0<a|l (@ — ) [

For this to hold with small o < 0, it becomes necessary that the coefficient of « is

zero. That is to say, (x — ) = 0, and rearranging this expression tells us

Il
2
|

Combining this with 3.13 gives us

8

(. ) @ =)
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and making the substitution in 3.11 yields

Be) ol =i )

This is exactly what we wanted to show, so we are done, modulo the claim from the

very beginning of this proof. But this is just a calculation:

f@) =5l —al < A0)

((—2), —2z) (| —=)

The first inequality came from the definition of sup convolution; the second followed
from the assumption that ( , ) J**fi(z ); and the final equality results from

our choice of

ooll y . ndetea mtion o Lemma . i (0, ) 72’+f,\(0) tena o

0, ) TTF0).

There is nothing special here about the superjet being located at the point x = 0;
we just use this convention to simplify the notation throughout this and the later
proofs.

oof If (0, ) 72’+f,\(0), then there exist x  R" such that x — 0 as — oo,
and there exist (, ) R" x S(R) so that

(, ) J*"fi(z) and (z,fa(z), , )—(0,0,0, ) as — oo



This is just the definition of the closure of a superjet. By Lemma 3.5, we obtain

(, ) J*fl@ =) ad fl@ —)=/fil2)

Lop
2

So far we have (z +) — 0, —0,and — 0. If we can show that
fla  —)—=/f0) a — oo,
then combining this with the fact ( , ) J>*Tf(z  +) will show that

0, ) J*f(0)

Because f is upper semicontinuous, we have

f(0) > limsup f(z —)

= lim sup (f,\(a: ) QL | |2) (by Lemma 3.5 )
= £x(0) (since fy is continuous)
> f(0),

o6

where in the last line we used the fact that f(0) < f\(0), which follows directly from

the definition of sup convolution.

That is to say, f(0) = limsup f(x ). Passing to a subsequence

where the lim sup becomes an ordinary limit, we have thus finished the proof.

) e ali inci le

We now come to the central theorem of this essay. The proof will make use

of all the machinery we have built up thus far. This theorem gives us the nonempty
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semijets we need to complete the viscosity-solution analogue of the classical maximum
principle discussed in Section 2.2.

eo em . t (z, )=5]lz— PonR"XR" it a 0. et

(z, ) =u(z) —v()

o (z, ) «xQ eeu USCQ) andv LSC(). oe(xr, )i a oca
mazim mo — eativeto Ax Q.  enteeexritX, S(n) ¢ tat
Dy (x. ). X)=(a(z — ),X) Tgu(x) and (3.16)
—2,—
(=D (z, ), )=(alz = ), ) Jg () (3.17)
0 eove
X 0 —
< 3a
0 — _

Note that the final matrix inequality implies X < | since the matrix on the right
annihilates vectors of the form ( , ).

oof o simplify the notation later on, write u; = u and us = —v and

te We first prove the result for the case € = R" and (z, ) = 0,

u;(0) = 0, and each wu; is bounded above. We will reduce the general case to this one
at the end of the proof. We now have

(z, ) =wu(x) uy( )S%( (@, ), (z, ) (3.18)
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Here, (z, ) is represents the vector . R?" defined by n; = x; for =1, ,n and

M = ionfor =mn 1, ,2n. Choose 0 and put
- = ) (319)

where the matrix norm is the supremum of the magnitudes of the eigenvalues of
We claim that

Y O P A S

for all n, R™. This claim will be dealt with at the end of this proof. Using this

claim allows us to write

() =5 la=17) (wO-51 = 2P <3 9.0 G
for = (1, s) R2" Hence

(( ) (3.21)

Using Definition 3.3 and the value of  just determined, we find that the sup convo-

lutions satisfy an “additive separation of variables” property,

Observe that (u;)»(0) > u;(0) = 0, while (u1)x(0) (u2)A(0) < 0. Therefore, u;(0) = 0.
Write B = 2 and apply Lemma 3.4 to . The matrix given by the lemma is
block diagonal of the form

X 0



for some X, S(n). We thus obtain (0, X) J (u1)A(0) and (0, — )

This lemma also tells us that

IA
IA

_ (1 ) 0 2 (3.22)

Replace  with what it represented, D? (z , ), and choose = % to obtain the

desired matrix inequality

< 3a (3.23)

Finally, apply Lemma 3.5 to each u; to conclude that (0, X) 72’+u1(0) and (0,— )

72’+u2(0). That is,

0,X) 77 u0) and (0, ) T v(0)

te Now we show how to reduce the general case to the specific one
already proved.

Let €2 be an open subset of R". Continuing to write u; = u and uy = —v, we
restrict u; to a compact set K7 containing  as an interior point. Similarly, restrict
us to a compact set Ky containing  as an interior point. Furthermore, we require
K; and Kj to be small enough that (z , ) is the absolute maximum of — on

K; x Ky. Now extend these restrictions to R” by (abusing notation and) setting
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Because the K; are compact, we have u; USC(R™). Because x is an interior point

of K1 C €2, we have
Tatui(z) = T u(z ) (3.24)
by the remarks in Section 2.5. Similarly,
Teius( ) =Tg us( )

By setting the extension equal to —oco, we have guaranteed that (z , ) is still alocal
maximum of — , now relative to R*". Next write ui(z) = ui(z ) —wuy(z ), and
us( ) = ugf ) —ug( ). These definitions translate u; and uy to bring z and

, respectively, to the origin, then they make 0 the (absolute maximum) values of
uy and wugy there. Since we have only translated the wu; in directions orthogonal to the

coordinate axes, clearly

T w1 (0) = Tyl wi (),

and combining this with equation 3.24 yields
—2,+ -2+
Jg u1(0) = Jgnus(z )

Similar equalities hold for the second order superjet of us at . Also note that the
origin is a local maximum of u; wus— . Applying the proof in Step 1 to the u; shows
they have non-empty superjet closures at the origin, so u; and us have non-empty

superjet closures at x and , respectively. This completes the proof for the general

case.
We still have to justify the claim that if 0 and S( ), then
2 1 2
Com< 0 (0 Y- B (3.25)
for n, R . To prove this, we will make use of the Cauchy-Schwarz inequality,

the Cauchy inequality with epsilon and the fact that is self-adjoint, so that we can
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. e o a ison inci le

We now wish to extend the comparison principle discussed in Section 2.2
to the case v USC(2) and v LSC(2). Here, u is a subsolution and v is a

supersolution of some second order PDE

F(QS, (x)D (x)vDQ (I)):O,

with F' proper. We want to show that if u < v on 0€2, then u < v on Q. If v and v
were twice differentiable (i.e. they are a classical subsolution and supersolution, re-
spectively), then the argument would be simple, if we make the additional assumption
that F'is strictly increasing in the second variable:

At any interior local maximum z of u — v,

Du(z) = Dv(x) and D?*u(z) < D*v(x)
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Hence

F(z,u(z), Du(x), D*u(z)) < 0
< F(x),v(z), Dv(x), D*v(x))

< F(x),v(z), Du(z), D*u(z))

The first inequality follows since u is a subsolution, the second because v is a su-
persolution, and the third because F' is proper. Now, by the strict monotonicity
assumption on F', we conclude that u(z) < v(z). Since this is true at any interior
local maximum of v — v, and v < v on 9€2, we must have u < v in €.

Now if u and v are not classical solutions, the proof of this comparison
principle becomes much more intricate. We do not have Du(z), and D?*u(z) to plug
into I, nor do we have derivatives for v. We want to use the semijets J>Tu and
J*~v, but these may be empty, even at interior local maxima of u — v.

To compensate for this fact, we approximate the interior local maxima of

u — v using the following lemma.

Lemm . Let Q C R" be a bo nded domain and u  USC(Q) and v LSC(Q)

be ea va ed. e ne

hm( —(u(:(;)—v( )—%m— |2)):o (3.26)

ente oo i aet e

() limalz — =0 and (3.27)

() lim = u(z) —v(z) = sup(u(z) — v(z)), (3.28)
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eneve 1 a tmit ommto r a o — 00.

oof
We introduce = — (u(z )—v( )—5lz — [*). Because of the
upper-semicontinuity and the fact that € x € is compact, we see that < 00, and

by the assumption 3.26 it is clear that — 0 as a — oo.

Since [z — |* >0, for each fixed z, € we see that u(z)—v( )—5|z— |
decreases as a increases. Consequently the supremum over all x, Q decreases,
and decreases as « increases.

Note that

> u(z) —v(z)
for any z €. Hence lim exists and is finite. Also observe that
! o)
u)—o( )= — P>~ S - P
Thus zlz — [P<2( o-— ). The right side of this inequality goes to zero

as a — 00. Therefore,

!
§|:c— ?—=0 asa— oo

This proves 3.27. As an obvious weaker consequence, |x — | — 0. Suppose now

that (z, ) € x Qis a limit point of (z , ) as a — oco. Then there exists a

sequence «,, — oo such that x / — 2z and | — asmn — oo, thus

n

|z — |:nlim lr — |=0
That is to say, x = . Observe that
wz ) -l )= - . ZSUﬁP(U( )—v( )= .
Because (z, ) = wu(z) —v( )is upper semicontinuous, , — 0 and z = , we thus

have

sup (u( ) —v( ) Zu(z) —v( ) = lim  Zsup(u( ) —v())
a 0
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That is,
lim = sup (u( )~ v( )

2l

This proves 3.28.
[
We are finally ready to prove a viscosity-solution analogue of the classical

comparison principle.

eo em . e om ison inile Let 2 be a bo nded o en b et o
R* ' C2xRxR"xS(n)) be o e and ati

() eeerit 0 ¢ tat
(’I“— )SF(.T,T’, 7X)_F('T7 ) 7X)

or>, (z, ,X) QxR"x S(n) and

() F(x,r, ; X)4i mniom contin o inte atia va iabex

oeu USCK)i a bo tiono F=0inQ andv LSC)i a e o
tion o F'=0 in Q.
u<vond tenu<wvin Q.

oof
Suppose, to get a contradiction, that v v at some interior point of €2. For

each N, we can find x Q x Q such that

(ue )=o) =gl = 1) = swp (u@) —e() = glo— F)

S
Q

(These points can be found in view of upper-semicontinuity and compactness.) The

sequence (z , ) has a limit point in the compact set € x €. Pass to a subsequence
so that we can write lim (x , )= (x, ). By Lemma 38, |z — |*—0,s0
x = . Let us write for this point, so that lim (x . )=1(, ). By Lemma

3.8 again, we have u( ) —v( ) = supg(u(zr) —v(x)). We have assumed that u < v on

02 but u v somewhere in 2. Hence 012, leaving us with Q.
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Since (z , )—(, ),wehave (z , ) € x€ forlarge enough (they

may be on the boundary for small ). Restricting our attention to large  from now

on, we see that (z , ) is a local maximum of u(z) —v( ) — 5|z — |? relative to
Q x Q. By Theorem 3.7, there exist matrices X |, S(n) such that
—2,+ —2,—
(@ - )X ) Jogu@) ad ( (& - ) ) Jou( )

Because u is a subsolution and v is a supersolution, we have

F(CL’ 7u(x ): (x - (X)SOSF( 7’0( ): (x - )7 )

(see the remarks at the end of section 2.4). Using our coercitivity hypothesis on the

second variable of F' and the assumption that there exists 0 such that

< =u(z ) —v( )—5|$ - P<ul@ )-v( ),

we can write

On the right side of this equation, the difference in the first pair of terms is majorized

by zero because u is a subsolution and v is a supersolution. The difference in the
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second pair of terms can be analyzed similarly:

The difference in the first pair of terms on the right side is again majorized by zero,
this time because they differ only in the last variable. The function F' is assumed to
be proper, so it is non-increasing in that variable, while we know that X <

We now have

0<
SF( 77)( )7 (x o )>X )_F(I 7U< )7 (a: - )aX>
< (|aj o |)7

where we have applied our hypothesized uniform continuity condition on the first
variable of F' by introducing this function . Now letting — oo,|z — | — 0by
Lemma 3.8, and

lim (jz — [)=0

This gives us 0 < <0, the desired contradiction.
|

As a final note, we give one useful application of the comparison principle.
Suppose 2 and F' satisfy the hypotheses of Theorem 3.9, and u and v are both

viscosity solutions of the Dirichlet problem

F(z, (z),D (z),D* (£))=0 inQ

and  (z)= f(z) on 0N
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for some given boundary values f(z). Then u < v on 9€2, u is a subsolution and v is
a supersolution, so u < v in €. Similarly, v < u on 0€2, v is a subsolution and u is a
supersolution, so v < u in €.

That is to say, given certain coercitivity and continuity conditions on the

function F', viscosity solutions of the Dirichlet problem are unique.
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