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Abstract

Generalizations of a Result of Lewis and Vogel

Kris Kissel
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Professor Tatiana Toro
Mathematics

We discuss two generalizations of the fact that a bounded domain with a well-
behaved harmonic measure and a constant Poisson kernel is a ball. One gen-
eralization studies the case when the domain is unbounded and the Poisson
kernel is close to a constant in a pointwise sense. The second generalization
studies the bounded situation when the Poisson kernel is close to constant in
the sense that it has small BMO-seminorm. A prioiri regularity assumptions

are Ahlfors regularity and nontangential acessibility.
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Chapter 1
INTRODUCTION

1.1 Free Boundary Problems

A typical problem in the beginning study of partial differential examples is
a boundary-value problem, and the Dirichlet problem for Laplace’s equation

provides one of the simplest examples: Does there exist a function u satisfying

Au=0 1nD
(1.1)

u=g ondD
If so, what are it’s regularity properties? Here, the domain D and the boundary

data g are given.

A free-boundary problem turns this question inside-out. Assume that the
domain D is unknown, but that a solution u of (1.1) is known to exist, and that
it has certain regularity properties. What then can be said about the regularity

or the geometry of the domain D?

The ‘known properties’ of u can come in a variety of forms. A typical setting
occurs when « arises from a minimization problem in the calculus of variations

as in the following example. Given a domain 2 C R"”, let J be the functional

J(u) = / |Vul? + Q(x)? du, (1.2)
QN{u>0}

where () is a given function and we have the side condition « > 0 on D. Here

the domain of integration 2 N {u > 0} is variable. Taking the first variation for



this functional tells us that a minimizer will satisfy
Au=0in QN{u >0}, w=0and |Vu|=Q onQnao{u> 0}.

Problems like this in the calculus of variations arise in many physical situa-
tions. For example, in [1] the authors study the problem of optimizing heat
flow in a steady state through a surface 0f) with a given finite volume of insu-

lation on it’s interior. This question may be cast in terms similar to (1.2).

The existence and regularity properties of u, and of the boundary o{u >
0}, for (1.2) were studied by Alt and Caffarelli in [2]. Although our point of
view will be very different from this calculus-of-variations one, we mention
this example in particular because the paper [2] is the source of an important
technique, called non-homogeneous blow-up, of which we will make use later
on. This technique also played a major role in some of the articles on which

this dissertation is based.

Our approach will be to study the geometry and regularity of a domain as

determined by certain properties of the harmonic measure on its boundary.

The harmonic measure for the ball B,.(P) with pole at P is a constant mul-
tiple of the surface measure (n-dimensional Hausdorff measure) on 05, (P). In
[15], Lewis and Vogel proved the converse result (with an additional hypoth-

P

esis): If w” is harmonic measure for a bounded domain 2 with pole P € Q)

satisfying w?” = cH"L0Q, and such that
w’(B,(Q)) < Lp™  forall Q € 9 and p > 0,

then Q) is a ball centered at P.

The additional hypothesis is needed to get a crude lower bound on the radius
of a ball contained in 2 and to make careful estimates of certain integrals that

describe the rate of decay of positive harmonic functions at the boundary 0f2.



There are several directions in which one could try to generalize this result:

e What if Q is unbounded?

e What if the harmonic measure is given by hH"_0S2, where the function &

is close to a constant.

The second question here also requires that we specify what we mean by
a function being ‘close to a constant’, and there are multiple ways one might

define this.

Kenig and Toro [13] answered the first question. Preiss and Toro [16] an-
swered the second question with the assumption that 4 was close to a constant
in a point-wise sense. In this dissertation, we will combine these ideas to ad-
dress what happens when £ is close to constant in a point-wise sense and ()
is unbounded. We will also consider the bounded case with the point-wise as-

sumption replaced by one that says log h has small mean oscillation.
1.2 History

We begin with a tour of the earlier results upon which this work is based.
Readers unfamiliar with the terminology may wish to look through Section

1.3 first.

In 2001, Lewis and Vogel published in [15] that, if Q@ ¢ R""! is a bounded
domain, regular for the Dirichlet problem, containing the origin, such that the

harmonic measure with pole at 0 satisfies
W(B(X)NoQ) < L forall X € 90 and 0 < r < r

and

W’ = aH"™ on 0N



for a positive constant a, then (2 is a ball with center at 0. It is then immediate
that the radius of the ball is also determined by the constant «a, since we must

have
/ aH" = W°(09) =1,
a0

so that

where 0, = H"(B1(0)). Therefore

r= (ana)_%.

This result was a generalization of an earlier proof (from 1992) by the same
authors that had required an additional hypothesis regarding regularity of the
boundary of Q2. The following is a rough sketch of the 2001 result.

The first step is to obtain a crude estimate of |Vuv| near 02, where v is the
Green’s function for (2 with pole at 0. (When we say ‘crude’ in this dissertation,
we mean that it is not the best estimate we will obtain — just a starting point
that will lead to more refined results later.) This is done using the Riesz Rep-
resentation Formula for Subharmonic Functions. The idea is that, once you
have an estimate of the form |Vv| < N near 2, with N = N(L), the compar-
ison principle for harmonic functions allows you to obtain a lower bound on
the radius of the largest ball centered at the origin that is contained in ). Let
R = sup{r > 0;B,(0) C 2}, and let G denote the Green’s function for B (0)
with pole at 0. Then if @) € 92 N IBg(0), the comparison principle gives

IVGr(0)] < [Vu(Q)] < N(L);



but we also know

|IVGR(0)] = o R

so we can conclude R > (o, N (L))_%. That is to say, R is bounded below in terms

of L.

The next step is to define M = limsupy_,5q |Vv| and to prove, via contradic-
tion, that M < a. Achieving this allows one to repeat the calculations above to
get R > (ona)_%; the isoperimetric inequality then implies (2 = By(0). Having
a crude upper bound on |Vv| near 0f) is an important element of the indirect

proof.

Preiss and Toro [16] generalize this result as follows: Suppose that ) ¢ R"**!
is a bounded domain containing the origin that satisfies

sup sup HN(BT<Q) mﬁQ) <

0<r<1QedN rn

.

Then given ¢ > 0 small enough, if the Poisson kernel h for 2 with pole at 0

exists and satisfies
sup |logh| < e,
a0
then
Bg,(0) C Q2 C Bg,(0)
with

e <o,R} <o,Ry <e.

One may think of this as a stability result for the theorem of Lewis and
Vogel: a small perturbation of the Poisson kernel from constant results in only

a small geometric perturbation of €2 from a ball.

The paper [16] actually goes further than this geometric result. The authors

also prove a regularity result for the boundary 0€: if 6 > 0 is sufficiently small



Figure 1.1: The boundary 0 sits between the two spheres with radii R; and
R,.

there exists ¢ > 0 so that, under the same conditions as above, () is 6-Reifenberg

flat. (See Definition (9) below.)

That argument is based in large part on the techniques in [2]. The idea there
is to define flatness of the boundary at a point () € 02 in terms of the linear-
growth behavior of the Green’s function and the associated Poisson kernel near
. Having done this, one can use the theory of partial differential equation
to improve estimates, and thereby improve the measure of flatness at () in
successively smaller neighborhoods. Alt and Caffarelli employ this argument
to show that, if the function Q used in the functional (1.2) is Holder continuous,

then the free-boundary d{u > 0} N Q2 of the minimizer « is in fact smooth.

That technique is modified slightly in [16]. The setup there does not al-
low the estimates to improve dramatically as one looks at successively smaller
neighborhoods of (). But the estimates do persist as one looks at successively

smaller neighborhoods of (), so the measure of flatness at a larger scale can be



duplicated at all smaller scales.

Heuristically, the idea in [2] is that “flatness at one scale implies greater
flatness at a smaller scale”; in [16] the idea is that “flatness at one scale implies

similar flatness at all smaller scales.”

Kenig and Toro [13] develop a generalization of the results in [2] and, in
the process, obtain a generalization of Lewis and Vogel along different lines.
Instead of considering a bounded domain, the authors asked what happens
when () is unbounded. They proved that there exists 9, > 0 such that if Q C
R"*! is an unbounded §-Reifenberg flat chord arc domain (for § € (0,4,)), the
Green’s function with pole at oo, v, and the corresponding Poisson kernel, 5,
satisfy

sup [Vo(X)| <1  and  &(Q) > 1for H" a.e. Q € 99,
XeQ

then (2 is a half space, and in suitable coordinates, v(x, z,11) = Zpy1-

To summarize, given very loose assumptions about the growth properties of
harmonic measure on Euclidean balls, Lewis and Vogel proved that constant
Poisson kernels correspond to balls for bounded domains, while Kenig and Toro

showed that they correspond to half spaces for unbounded domains.

Again, a key idea was to use the “flat at one scale implies greater flatness

at smaller scales” argument described in [2].

The generalization sought in Chapter 2 of this dissertation combines these
ideas. We assume that  C R"*! is an unbounded domain, and that it’s Poisson
kernel is not much less than 1, while the Green’s function maintains a linear
growth near the boundary; and we assume that the boundary is ‘flat’ at very
large scales. We also require that 02 be Ahlfors regular and that the harmonic
measure be well-behaved: w(B,(Q)) < Lr™ for all balls B,(Q) centered on 0f).
We use procedures similar to those in [13] to prove that the boundary is also

flat at all small scales. This result is a quantitative version of [13].



Chapter 3 of this dissertation takes a very different approach to showing
stability of the result of Lewis and Vogel. We start with a bounded domain.
However, instead of perturbing the Poisson kernel / from constant in a point-
wise sense, as in [16], we perturb it in an average sense by assuming that log h

is a function of bounded mean oscillation (BMO) with small BMO-seminorm.

Our argument will begin as did Lewis and Vogel’s, with a crude estimate
on the gradient of a Green’s function near 0X). However, to improve the gra-
dient estimate, the processes in [15] and [16] make explicit use of point-wise
properties of ~ which we will not have assumed. Instead, we modify gradient
estimates used in [14] when studying Poisson kernels of bounded mean oscilla-

tion.

As above, a comparison principle argument allows us to turn a gradient
estimate for the Green’s function into a lower bound for the radius of the largest

ball Bx(0) contained in ).

Moving from there to an estimate on the radius of a ball containing (2 again
requires a different approach than is used in any of these other papers. In [15]
and [16], the authors were able to make use of their knowledge of the point-
wise behavior of / to estimate the total surface measure H"(952); then another
comparison principle argument in [16] or an application of the isoperimetric
inequality in [15] completes the argument. With only a hypothesis about the

average behavior of /, we will not be able to use either approach.

Instead, we use a kind of ‘piecewise projection’ of 02 onto concentric balls
around the origin to make an estimate of how much of the boundary is far from
the ‘inner ball’ already discovered. That quantity cannot be too large, and then
using the assumption that 0f2 is Ahlfors regular, we manage to conclude that

no point of 0f) can be very far from that inner ball.

The process that goes from “flatness at a large scale” to “flatness at smaller



scales” does not seem to work here, however, because it requires some knowl-
edge of the point-wise behavior of h. Therefore the results in Chapter 3 are

purely geometric (12 is ‘close to being a ball’), and we do not discuss regularity.

1.3 Preliminaries

Because we will typically be concerned with the boundary of a domain, it will
be most convenient for us to consider the boundary to be n-dimensional and

therefore that our domains be open subsets of R**!.

1.3.1 Geometric Measure Theory

Definition 1. The Hausdorff distance between two nonempty sets A, B C

R"*! is defined to be

DI|A, B] = supdist(a, B) + sup dist(b, A).
acA beB

Notice that the Hausdorff distance between two closed sets A and B is zero
if and only if A = B. This notion of distance provides a metric on the class
Cr of nonempty compact subsets of B;(0) C R™'; in fact, (Cx, D) is a compact
metric space. In particular, Cauchy sequences have limits: if A, is an infinite
sequence in C and for all ¢ > 0, D[A;, A,,] < e for [,m > N(e), then there is a
compact set A € C such that D[A;, A] — 0 as k — oo. The proof of this fact is a

standard exercise in the theory of metric spaces.

Definition 2. The k-dimensional Hausdorff measure of a set £ in Eu-

clidean space is

H*(E) = lim inf {Z cp(diam(E;))* E C U E;and 0 < diam(E;) < (—:} ,

eN\0
~ =1 =1
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where the constants c;, are chosen so that H* agrees with k-dimensional Lebesgue

measure on RF:

H*(B,(0)) = rk/ dx  for B;(0) C R
B1(0)

(We will have no need here for Hausdorff measure of fractional dimension.)

We used here the diameter of a set £ ¢ R*+!:

diam(E) = sup |[X =Y.
X.Y€E

The notation H*_S means the measure is restricted to a set S:
(H*.S)(E) = H* (SN E).

Note that H"L00 is surface measure on 9 for a smooth domain in R**!.

Definition 3. A domain Q C R""! is said to have finite perimeter if

sup {/ div ¢ dr; ¢ € CHR™ R |¢| < 1} < 0.
Q

When 02 is smooth, this supremum coincides with surface measure because

/divédx:/ o-UdH"
Q a0
g/ dH"  (since |¢| < 1)
a0

= H™(69),

and we obtain equality by choosing ¢ to agree with the outward unit normal
vector field 7 along 0Q2. An advantage of this definition is that it makes sense

for any Q) C R*"*! —no a priori regularity need be assumed.

Definition 4. A set QO C R""! is said to have locally finite perimeter if for

each open set V C R with compact closure, we have

sup {/ div ¢ dz; ¢ € CL(V;R™) |¢| < 1} < o0.
VnQ
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As a consequence of the Riesz Representation Theorem, if (2 has locally finite
perimeter, there is a Radon measure ; on R"*! and a pu-measurable function

v : 00 — R"! such that
lv(X)| =1for u —a.e.X € 02, and

/ div ¢ dox = — ¢ - v du for all ¢ € CH(R"™ R,
Q Rn+1

Note that this appears to be a generalization of the divergence theorem, except

that we do not yet have much information about the measure ;. or its support.

Definition 5. If Q) is a set of locally finite perimeter, we say that X € 0*Q), the
reduced boundary of (), if

1. uw(B.(X))>0forall r >0,

2. lim,—oof 5 (yy0dp = o(X), and

3. (X)| =1,
with v and 1 as above.

By the Lebesgue-Besicovitch Differentiation Theorem (section 1.7.1 in [5],

(02 — 0" Q) = 0.
Blow-ups of the reduced boundary lead to half spaces: If X € 0*(2, define
Q. ={Y eR"r(Y - X)+ X €Q}

and

H(X)={Y e R 0(X) - (Y — X) < 0}.

Then

Xor = Xa-(x) I Ly, (R™) as N\ 0.
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(See Section 5.7.2 of [5].) Furthermore,
v ="H"L0"Q.
This implies H"(02 N K) < oo for each compact set K C R™™!.

Definition 6. Let X € R""'. We say that X € 0.(), the measure theoretic

boundary of (), if
L(B.(X) N Q)

lir? \S(l]lp o >0
and
"HHB(X)\Q
lim sup L7 (BAX)\ ) > 0.
™\,0 rntl

Lemma 1 in section 5.8 of [5] shows that 0*Q C 0.0 and H" (0,2 \ 0*Q) =0
Theorem 1 in the same section then gives the full generalization of the diver-
gence theorem: If Q C R"*! has locally finite perimeter, then H"(0Q N K) < oo
for each compact K C R""!; and, for H" a.e. X ¢ 0.0, there is a unique

measure-theoretic unit outer normal vector vo(X) such that

/divgbdx: o - vo dH"
E 8.0

for all ¢ € CH(R™; R,

Definition 7. A domain Q2 C R""! is said to be Ahlfors regular if there is a
constant A > 1 such that, for all Q) € 09 and all r € (0, diam(2)),

% < H (90N B.(Q)) < Ar™.

Observe that an Ahlfors regular domain has locally finite perimeter.

Definition 8. A domain 2 C R""! is said to have the separation property if

for each compact set K C R""! there exists R > 0 such that for Q € 90N K and
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r € (0, R] there exists an n-dimensional plane L((Q),r) containing () and a choice

of unit normal vector to L(Q, 1), ng.,, satisfying

THQ,r) = {X =x+1tng, € B.(Q);x € L(Q,r) and t > ir} cQ
and

T (Q,r) = {X =x+tng, € B.(Q);z € L(Q,r)and t < ir} C Q°.

Moreover, if 1 is an unbounded domain we also require that OS2 divide R" ! into

two distinct connected components Q) and Q¢ # ().

Definition 9. Let 6 > 0 be small, and let QO C R""! be a set of locally finite
perimeter. We say that () is a )-Reifenberg flat chord arc domain or a

Reifenberg flat chord arc domain if

1. Q has the separation property.

2. For each compact set K C R""! there exists Rx > 0 such that for every
Q € KN and every r € (0, Rk|,

inf {%D[&Q A B.(Q), LN BT(Q)]} <4,

where the infemum is taken over all n-planes through (). Moreover if ) is

unbounded we require Ry = .

3. 00 is Ahlfors regular.

1.3.2 Harmonic Functions

Definition 10. A bounded domain Q C R"! is said to be regular for the

Dirichlet problem if, for every continuous function g € C(0X)), there is a solu-
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tion u of the boundary-value problem

Au =0 in Q
u=gq on 0f) (1.3)
u € C?(Q)NOQ)

The class of regular domains is very general (see chapter 2 of [6]). Here, A
is the Laplace operator: Au = % + ...+ %; solutions of Au = 0 are called
harmonic functions. Notice that, if u; and u, solve (1.3) for the boundary data
g = g1 and g = ¢, respectively, then au; + bu, solves (1.3) for g = ag, + bg, (Where
a and b are any constants). Harmonic functions satisfy the weak maximum
principle:

Sup 4 = sup u.
XeQ X€dn

They also satisfy the strong maximum principle: if u(P) = supyq, u for some
P € (), then u is constant on the connected component of (2 containing P. We
will refer to either of these in this dissertation as a maximum principle. In
particular, they imply that, for a connected domain (2, solutions of (1.3) are

unique. Therefore, for any P € (), the mapping
g€ C(0Q) —u
is linear, and so for fixed P € (),
g € C(00) — u(P) (1.4)

defines a linear functional on C(f2). Furthermore, if we equip C'(02) with the
uniform norm, || g ||= supyg |g|, then we see that (1.4) is actually a bounded

linear functional because the strong maximum principle gives us |u(P)| <|| ¢ |-

Consequently, the Riesz Representation Theorem (see Theorem 6.19 in [17])

tells us that there is a probability measure w” defined on 02 such that

u(P) = /g dw®. (1.5)



15

Definition 11. The measure defined by (1.5) is called the harmonic measure

for 2 with pole P.

Definition 12. For n > 2, the function

1
°(X) = o,y (1.6)

is called the fundamental solution of A.

The fundamental solution satisfies A® = —§, in the sense of distributions,
where 6y is the point mass at the point Y. That is to say, for any n € C>°(R"™1)

we have
[ ey ay = =)
Rt
This last equality can be verified directly by an argument using the divergence
theorem and integration-by-parts. (See Chapter 2 of [4].) (When n = 1, the

function F(X) = In | X| provides a fundamental solution; but in this dissertation

we will only be concerned with the case n > 2.)

If Q is regular for the Dirichlet problem and P € (2, then there is a solution

up of the boundary-value problem

Aup =0 in 2
up(X) = F(X — P) for X € 00
up € 02(9) N C(ﬁ)

Then the function Gp defined on O\ {P} by G(X) = F(X — P) — up(X) satisfies
Gp=00on0d, Gp>00nQ\{P} and AGp=p.
Definition 13. Gp is called the Green’s function for  with pole at P.

We typically extend G to be a continuous function on R"*! \ {P} by setting
G =0on Q°.
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If Q is a C'! domain (i.e. the boundary 0} is locally the graph of a continu-

oG p

ously differentiable function), then it turns out that the normal derivative %,

where v is the inward unit normal vector along (2, provides us with a means to
write down the harmonic measure for €2 with pole at P; then

_ JGp
v

dw® dH™_ON). .7

The proof of this fact is an application of the divergence theorem.

It is important to note here that Q need not be a C!' domain for the Green’s
function and the harmonic measure to exist. But as long as (2 is a domain for
which a general divergence theorem holds, then something like (1.7) will hold.

(See the notion of domains of locally-finite perimeter, defined above.)

Suppose now that 2 has locally finite perimeter, so that differentiation with
respect to H"L0) makes sense. If it turns out that if w” is absolutely contin-

uous with respect to H™ on 012, then the Lebesgue-Radon-Nikodym derivative

P . . . . . .
hp = ;l;;n exists, is nonnegative, is H"-measurable, is unique up to a set of

‘H"-measure zero, and satisfies
dw” = hpdH".

Definition 14. The function hp is called the Poisson kernel for ) with pole at
P.

It satisfies
u(P) :/ ghp dH"
a0

for v and ¢ as in (1.3). Because w” is a probability measure and hp > 0

/hde":/ dw? =1,
o0 0N

so we also have hp € L'(0Q; H™).
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EXAMPLE: Let Q2 = Bg(0) € R""'. Then

1 1
(n—1)0,|X["1  (n—1)o,R"!

G(X) =

is a Green’s function for €2 with pole at the origin. Harmonic measure with pole
at the origin turns out to be a multiple of surface measure:

__ HY(E)
~ H™(0Bg(0))’

(This is a result of the mean value theorem for harmonic functions: see Chapter

W(E)

2 of [4].) The corresponding Poisson kernel is therefore constant:

1

"P(Q) = aBa0)

for all Q) € 0.

1.3.3 Non-tangentially Accessible Domains

The notion of a (bounded) non-tangentially accessible (NTA) domain was in-
troduced in the 1982 article [9] by Jerison and Kenig. In that paper, the au-
thors generalize the classical theory of boundary behavior of harmonic func-
tions known previously for Lipschitz domains (see the 1970 article [8]). NTA
domains are much more general than Lipschitz domains, but they maintain

many of the classical properties of Lipschitz domains.

For example, it was shown by Calderon in 1950 (in [3]) that if « is a har-
monic function in R} which is non-tangentially bounded at every point of a
measurable set £ C JR’, then v has a non-tangential limit at almost every x
in F. In a 1961 article [18], Stein posed the question of extending these results
(and others) to the most general domains “for which non-tangential behavior
is meaningful.” Hunt and Wheeden [8] took up the challenge for Lipschitz do-
mains, and Jerison and Kenig extended the results to their even more general

NTA domains.
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Definition 15. A ball B,(X) C Q is called M-non-tangential if
M+1

r < dist(X,00) < (M + 1)r.

This is equivalent to saying that M~ < ¢ < M, where d is the distance of
the ball B,.(X) from the boundary 0f2.

dg

Figure 1.2: An M-non-tangential ball with center P, radius r and distance dp
from the boundary.

Suppose that B,,(P,) and B,,(F,) are M-non-tangential balls with B,,(P;) N
B,,(P,) # (). Then

M+1
M

D) S d(Pg,aQ) S ‘Pl —Pg‘ —|—d(P1,8Q) §T1+T2+(M+1)T1,
and thus r, < M(M + 2)r;. Switching the roles of r; and r; yields
%Tlg’f’QSM’f’l for M:M(M+2) (18)

That is to say, M-non-tangential balls that meet have comparable radii, with

comparison constant M.

Definition 16. If X, X, € ), a Harnack chain from X, to X, is a collection of
M-non-tangential balls By, ..., By, such that X, € By, X, € Byand B;N\ B;;1 # ()
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forall i = 1,....k — 1. The length of the chain, k, is the number of balls in the

collection.

Definition 17. A bounded domain Q C RY is said to be non-tangentially
accessible (or NTA for short) if there exist M > 0 and ro > 0 such that the

following conditions are satisfied:

1. (Interior Corkscrew Condition) For all ) € 092 and every r € (0,rg)

there exists a point A,.(Q) € () satisfying

1 < dist(A,(Q),09) < AQ) - Q| <7

2. (Exterior Corkscrew Condition) For all ) € 09 and every r € (0,ry)

there exists a point A,(Q) € Q° satisfying

37 < dist(A:(Q).09) < 14.(Q) ~Ql <7

3. (Harnack Chain Condition) For every X, X, € Q, if
e < min{dist(Xy,00Q), dist(Xy, 00Q)}

and

‘Xl — Xg‘ S 2k€,

then there is a Harnack Chain in ) from X to X, of length at most ME.

Unbounded NTA domains will be defined below.

Remarks: The definition here for bounded domains is slightly stronger
than the one given in [9]. In that article, the authors do not require that the
length of the Harnack chain be bounded by Mk, only that the length depends
on k but not ¢. However, in the intervening years, the definition given here has

become the working definition in the field. See, for example, [10]. The points
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A,(Q) and A,(Q) are called M-non-tangential points relative to @, and the
constants M and r, are referred to as the NTA constants of (2 Observe that

the balls B - (A,(Q)) are 3M-non-tangential.

Figure 1.3: Some non-tangential balls in an interior corkscrew, and a Harnack
Chain.

The Exterior Corkscrew Condition allows one to construct ‘barriers’ whose
existence prove that these domains are regular for the Dirichlet problem. The
other two conditions are essential to producing certain estimates about the
harmonic measures supported on the boundaries of NTA domains. In essence,
these conditions generalize the main properties of smooth and Lipschitz do-
mains which lead to doubling properties of the harmonic measure. Indeed, the

following types of bounded domains are all subsets of the class of NTA domains:

e Smooth Domains
e Lipschitz Domains
e Zygmund Domains

e Quasispheres

A quasisphere in R"*! is the image of B;(0) C R"™! under a quasi-conformal

mapping R"*! — R"*!, A Zygmund domain is a domain whose boundary is
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Q

o Q,

Figure 1.4: Not NTA Domains

locally the graph of a Zygmund-class function, i.e. a function in the family

M) = {61 R p 1B H D202 =200 ]

z,zER™ |Z|

Obviously C! functions are Zygmund-class, but so are some nowhere-differentiable

functions, including the Weierstrass function

(e o]

o(z) = Z cos;i"x).

In order to better understand which domains are NTA, we illustrate in Fig-
ure 1.4 some domains which fail these hypotheses. The domain 2; fails the
Interior Corkscrew Condition at (); 2, fails the Exterior Corkscrew Condition
at P; and (3 fails the Harnack Chain Condition, which we see by letting X; and

X, get closer to each other on opposite sides of the vertex.

Non-tangentially accessible domains were developed in [9] to generalize
what was know about the behavior of harmonic functions on Lipschitz domains
due to Hunt and Wheeden [8]. We collect some of those important facts here as

the following three lemmas.

Lemma 1. Harmonic measure on an NTA domain is a doubling measure: If

is NTA, X € Q and w”™ is the harmonic measure for Q) with pole at X, then

W (B2r(Q)) < Cxw™ (B,(Q)).
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This is proved as Lemma 4.9 in [9]. The next fact is Lemma 4.1 in [9].

Lemma 2. Positive harmonic functions that vanish continuously on the bound-
ary of an NTA domain do so in a Holder continuous fashion: If Q is NTA with
constants M and rg, there exists (3 > 0 such that for all () € 00, r < rq and every
positive harmonic function u in €, if u vanishes continuously on 0QNB,.(Q), then
for X € QN B,.(Q),

u(X) < M(IX = Qlr™)°C(u),

where C(u) = sup{u(Y);Y € 0B,.(Q) N Q}.

The main estimate we will need when working with NTA domains is a rela-
tionship between the harmonic measure of a ball and the value of the Green’s

function nearby (Lemma 4.8 in [9]):

Lemma 3. There exists C = C(M) > 1 such that

w" (Bs(2)(@))

< S ax ()

< C,

where WY is harmonic measure with pole at Y, M is the NTA constant of ), Gx

is the Green’s function for Q) with pole at X, and §(X) = inf{|X — P|; P € 00}.

1.3.4 Unbounded Domains

As mentioned previously, bounded NTA domains were introduced the the 1982
paper [9], but unbounded NTA domains were not introduced until 1999 in [11]
by Kenig and Toro. The definition is essentially the same, except we drop the
constant r, and require the interior and exterior corkscrew conditions to hold
for all distances r from the boundary. The modification is necessary in order to
ensure a desired doubling property for the harmonic measure of unbounded ()

and a Harnack inequality.
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Figure 1.5: Not Unbounded NTA

Definition 18. An unbounded domain Q2 C RY is said to be non-tangentially
accessible (or NTA for short) if there exist M > 0 such that the following con-

ditions are satisfied:

1. (Interior Corkscrew Condition) For all ) € 02 and every r > 0 there
exists a point A,.(Q) € Q satisfying
% < dist(A,(Q),09) < |A,(Q) — Q| <.

2. (Exterior Corkscrew Condition) For all () € 92 and every r > 0 there

exists a point A.(Q) € Q° satisfying

7F < dist(4,(Q).09) < |4,(@) ~ Q| <7

3. (Harnack Chain Condition) For every X, X, € Q, if
e < min{dist(Xy, 00N), dist(X,,00Q)}

and

|X1 — X2| S 2k€,
then there is a Harnack Chain in ) from X, to X, of length at most MEk.
The unbounded smooth domain 2, in Figure 1.5 is not an NTA domain be-

cause it fails the interior corkscrew condition: non-tangential balls do not have

enough room to grow proportionally to their distance from () as that distance
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increases without bound.The complement of (), would also not be NTA because

it would fail the exterior corkscrew condition.

We can also discuss Green’s functions, harmonic measures and Poisson ker-
nels for unbounded domains, except that these ideas become more complicated
since solutions of the Dirichlet problem need not be unique on unbounded do-
mains (because the maximum principle does not apply). In particular, the map

(1.4) is not well-defined, so we must be more direct.

Definition 19. Let QO C R*"*! be an unbounded domain. We say that a continu-

ous function G : Q) — R is a Green’s function with pole at o for Q if

G>0 in <)
G=0 onof
AG=0 1nQ

Definition 20. If Q) has locally finite perimeter, an associated Poisson kernel
for Q with pole at cc is a function h on 99 such that for all ¢ € C>(R") we

have

/ GA¢pdx = | ¢hdH".
Rn+1 o0

Example: Let Q = {(2/,z,,1) € R" 2, > 0};let G(2, x1) = cmax{x,, 1,0}
for any positive constant ¢; and set h = ¢ on 92. Then G is a Green’s function
for Q2 with pole at oo and h is an associated Poisson kernel, as the following

application of the divergence theorem shows:
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/ GA¢ dx = / Tp1div (Vo) dx
Rn+1

{zn4+1>0}

= / div (cz,.1 Vo) dx —/ (Vex, 1, Vo) dx
{zn+1>0}

{zn+1>0}

= / (cxn 1 Vo, vy dH" — / (cVxy1, Vo) dx
OH{xn+1>0}

{Zn+1>0}
=0 —/ div (¢pVex,11) dx+/ ¢div (cVx,1q) dz
{zn4+1>0} {zn41>0}
= _/ (pVcxny1,v) do +/ ocAx, . dx
O{wnr1>0} {zny1>0}

Y
OH{xn+1>0}

. / oh dH".
8{:B7L+1 >0}

In the surface integrals above, v represents an outward-pointing unit nor-

mal vector on the stated boundary. O

Unbounded NTA domains always admit Green’s functions with pole at co —
they are constructed as scaled limits of Green’s functions with finite poles that

tend to infinity (see [11]).

As the previous example shows, unlike Green’s functions on bounded do-
mains, Green’s functions with pole at oo are not unique; however, on unbounded
NTA domains they differ only by scalar multiplication: G and G are Green’s
functions with pole at co for an unbounded NTA domain € if and only if G = ¢G
for some ¢ > 0. Moreover, the Poisson kernel is unique up to a set of H"-
measure zero for a given Green’s function whenever it exists, as it does when 2
is Ahlfors regular. For these reasons, authors sometimes refer to these objects
as the Green’s function and the Poisson kernel. See [11] for full details of the
existence and uniqueness up to scalar multiplication for unbounded, Ahlfors

regular NTA domains.
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Chapter 2

AN UNBOUNDED GENERALIZATION
OF LEWIS AND VOGEL

In this chapter, we begin with a hypothesis that says the boundary of a
domain is ‘flat’ at one point at all large scales, and we then prove that that
boundary is ‘flat’ everywhere at large scales. Then the domain is assumed to be
unbounded and NTA and to admit a positive harmonic function that vanishes
linearly at the boundary, and we show that the boundary is also ‘flat’ at all

small scales.

2.1 Definitions

We define the following quantity to measure how much the boundary of a do-

main (2 differs from a plane near a point Q):

Definition 21. Let

O(@.7) =  inf DIOR N B,(Q). LN B.(Q)

r

the infemum being taken over all planes L containing Q).

When ©(Q), r) is small, we think of 02 as being ‘flat’ at () at the scale r.

There is another notion of ‘flatness’ that will allow us to use the theory of
partial differential equations to make estimates. It requires us to use proper-
ties of a Green’s function for the domain 2. The idea is due to Alt and Caffarelli

(see [2)).
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Definition 22. For ) Cc R"", Q, € 9Q, p > 0 and o,,0_,7 > 0, we say that a

Green’s function G on < satisfies
G € F(o.;0_57) in B,(Qy) in the direction v
if
G(X) = 0 for X € B,(Q) with (X — Qq,v) > cup, 2.1)
G(X) = ~h(Qo)[(X — Qo v) +0_p] for X € B,(Q) with (X —Qu;v) < ~o_p, (2.2)

and

limsup |VG(X)|<(1+7)and h(Q) > (1 —7) for Q € 002N B,(Qo) (2.3)
X—QEINNB,(Qo)

for an associated Poisson kernel h.

We will refer to this notion later as F-flatness when we wish to distinguish

it from the concept in definition 21, which we will call ©-flatness.

It is immediate that, if G € F(o;;0_;7) in the ball B,(Q) in the direction
v, then G € F(20.;20_;7) in the ball Bg(@o) in the direction v. The content
of several of the lemmas later in this discussion will be refinements of this
statement when G has certain properties. The relationship between the two

notions of ‘flatness’ discussed here is illustrated in Figure 1.

If L is the plane through () normal to v and G € F(o;;0_;7) in B,(Q) in the
direction v, then ©(Q, p) < max{o,;o_}. Going from O-flatness to F-flatness

however requires an additional separation property.

Definition 23. Let Q) C R"™! be an unbounded domain. We say that Q has the
exterior separation property at large scales if there exists R > 0 such that
for each v > R and @ € 0N) there is n-dimensional plane L(Q,r) containing )

and a choice of unit vector e(Q,r), normal to L(Q,r), satisfying

{X = (z,t) =z +te(Q,r) € B(Q,7) :z € L(Q,7),t > %7’} C Q°. (2.4)
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G>-h(QI<X-Q., wip ]

Figure 2.1: In the first graphic, ©(Q,r) = e. In the second graphic, G €
F(oy;0-;7).

The coefficient 1 in this definition is not special: any coefficient in the open

interval (0, 1) would serve our purposes, but we fix it here for convenience.

Proposition 1. Let Q C R""! satisfy the exterior separation property at large
scales. Let v be a Green’s function on Q with limsupy ocpq |Vv| < 1+ 7, and
suppose the associated Poisson kernel satisfies h > 1 — 1. Assume also that there

is a hyperplane L through () € 0N satisfying
DILN B,.(Q),00N B.(Q)] < dr

for some § < i and r sufficiently large. Then v € F(J;1;7) in B,.(Q) in the

direction v, where v is perpendicular to L.

Proof: Let v be a unit vector perpendicular to L. Because D|[LN B, (Q), 002N
B,(Q)] < ér, we see that

0NN B (Q) C{X € B(Q); —dr < (X —Q,v) < Ir}.

Let L(Q,r) be the plane and ¢(Q, r) the unit vector guaranteed by the exterior

separation property. Then we see that

{X € Br(Q)a |<X - Q7 V>| > 57’}
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and
{X =z +te(Q,r) € B(r,Q);x € L(Q,r) and t > ir}

have a nonempty intersection. Let Y be a point in this intersection, and if it

turns out that (Y — @, v) < 0, replace v by —v; thus by connectivity we have
{X € B(Q); (X —Q,v)>dr} C Q.

Consequently, the Green’s Function for () is zero on this set, which tells us that
(2.1) is satisfied with o™ = §. The condition (2.2) is vacuously true when o~ = 1.
The other hypotheses of this proposition guarantee the conditions in (2.3) are

met, so we are finished. O

2.2 Lemmas

Lemma 4. Suppose that 0 € 092 and

liminf ©(0,7) < 4§

r—00

for some sufficiently small 6 > 0. Then for all ) € 02 we have

liminf ©(Q, ) < 166.

r—00

Proof: The hypothesis tells us that there is an increasing sequence r; " oo
such that
@(0, ’f’j) < 0.

Fix @ € 092 and select J € N such that ; > 2|Q| for j > J. Let L; be a plane

through 0 with unit normal n; and such that

L D[o0 A B,,(0); ;1 B, (0)] < 6.

Ty
Let
LY =L;+eq
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where eg = (Q,n;)n;. Note that L; + eg = L; + Q and |eg| < or;.

We will show that this plane satisfies the required estimates involving Haus-

dorff distance. There are two steps to that argument.
Step 1: First we show that LJQ N By, 2(Q) is not too far from 0Q N B, »(Q).

Let X € L? N B,,/2(Q). Then there exists X’ € L? N Ba-1)-; (Q) such that
2
Set X" = X' — e, so that X" € L,. Also,

X< [X"=Ql+Q|

< X" = X'+ X = Q[+ Q)

< Or;
it 2

< Tj.

Thus X" € L N B,,(0). Hence there exists Y € 02 N B, (0) such that

|X” — Y| < 57“]'.
Therefore
YV = X[ <Y = X[+ [X" = X' + | X' = X]|
< 0rj + 0rj + 20r;
:457“]',
and

Y =@ <Y = X"+ [X" = X[+ X" = Q|
(1 — 45)7’j

< 0rj + 0T + 5
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That is to say,
Y € 00N Brj/g(Q)

and
|Y — X‘ < 457"]'.

This proves that

sup dist(X, 00N By, 2(Q)) < 46r;.
X€ELPNB,;/>(Q)

Step 2: Next we show that 02N B, /»(Q) is not too far from LJQ N By, 2(Q).
Let X € 09N B,,2(Q). Then there exists Y € L N B,,(0) such that
| X — Y| < dry.
Let Y’ =Y +eq. Then Y’ € LY N B, (0) and

X Y| <|X-Y|+]Y —-Y/|
< 0rj + or;
= 267"]
Note that
Y'-QI <Y - X|+|X - Q|

)

< 20r;
7“]+2

Then there exists Y € LJQ N By, 2(Q) such that
Y// _ ,r_]

and
Y" = Y'| < 20r;.
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Hence
Y- X| <Y =Y'|+|Y - X]|

< 207 + 207,

= 4or;.
That is to say,

Y" € LY N B,,»(Q)
and
Y — X| < 467,

This proves that

sup dist(X, LJQ N By, 2(Q)) < 461y,
XeINB, /5(Q)

completing Step 2. Putting together the results of Step 1 and Step 2 yields
D[0QN B, 2(Q); LY N By, 2(Q)] < 867
Consequently,

TI/Q)D[‘?Q N B,,2(Q); L? N B, j5(Q)] < 160.

This holds for all j such that r; > 2|Q|, and ) € 02 was chosen arbitrarily.
Therefore, for all ) € 02, we have

liminf ©(Q, ) < 166.

r—00

O

Lemma 5. Let ) C R"™! be unbounded and NTA, let v be a Green’s function for
Q with pole at oo, and suppose that the corresponding Poisson kernel h satisfies
h>1—1. Let Z € 052 and assume there exists a ball B C )¢ so that Z € 0Q2NOB.
Then

I vX) oy
imsup ————~2— >1—17.
X—>Z,X£Q dist(X, B)
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Proof: Let

[ = limsu ﬂ
X_>Z’X£Q dist(X, B) ’

v(Yy)
dist(Yy,,B)

let dj, = dist(Y}, B). Then there exists X € 002 such that d;, = |Y; — Xj|. Define

There exists a sequence Y, € () such that Y, — Z and — las k — oo.

ve(X) = —U(dk{l: Xi)

for X € B,(0). Define 7, = :=%x,

By passing to a subsequence, we may assume that as £ — oo we have
Zy — e with |e| = 1;

Up — Vs 1IN CO’B(R"“);

loc

VVi — Vi, weakly star in L}, (R"*') and weakly in L} (R"™);

%ﬁ@Q——X@):éﬂvk>(R—%éﬂvmZ>O}

(in the Hausdorff distance sense, uniformly on compact sets); and
X{vp>0} 77 X{veo>0} in Llloc(Rn+1>'

Note that v, (Z;) = “d—i’“), so vp(Zr) — | as k — oo. Also, because v, converges

uniformly to v, on By(0), we obtain v..(e) = L.

Our goal is to show that (2, = {v,, > 0} is a half space, and that v is linear.

Let r be the radius of the ball B.

Let L, be the tangent plane to B through X, and let o, = D[0B,, (X)) N
0B, Ly N B]. Observe that o), = 2d7i. Fix

Vi — X
P, € {P € By, (Xp); <P—Xk, k k> < —ozk}.

dy,

If Q) = 255 then Q€ {Q € By(0);(Q, Zi) < —%1 and v;,(Qx) < 0. Passing to
the limit as k£ — oo, we conclude that if Y € B,(0) and (Y, e) < 0then v, (Y) = 0.
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Let Y € B,(0) satisfy (Y, Z;) > 0; then either d,Y + X, € Q°and V(YY) = 0 or
d.Y + X € Q and, given € > 0, there exists ky € N such that for & > kg,

.’U(de—l—Xk) <l4e
d’lSt(de + Xk, B)

and

v(dpY + Xy) < (I + e)dist(drY + X, B)

Yo — X &2
g(l+e){<de, kdk k>+27k}

< (z+€)dk{<y,zk>+2%},

which implies

() = M < g fv 2y 2%
Letting £ — oo, we see, for Y € B,(0) with (Y, e) > 0, that v, (Y) < (I+€)(Y, e) for
every € > 0; thus v (Y) < [{Y,e). Moreover, v, (¢) = [. The maximum principle
guarantees that v, (Y) = Imax {(Y,¢e),0} for all Y € B(0, 1).

If h(X) = h(dp X + Xy), for n € C(B41(0)), n > 0, then as k£ — oo we have

/ nhydH" = / Vo -V — — Vg - m = / IndH",
a{vk>0} Rn+1 Rn+1 {<Y,e>:0}

thus
lim nhpdH" = / IndH". (2.5)
{(V,e)=0}

k=00 Jarv, >0}
On the other hand, the divergence theorem gives us

/ ndH" > / ne - ypdH" = div(ne).
of{vr >0} of{vr >0} {vr >0}

As k — oo, we get

/ div(ne) — div(ne)
{vr,>0} {00 >0}

= / ndH"
O{voo >0}

= / ndH".
{(Y,e)=0}
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Therefore

lim inf / ndH" > / ndH".
k=00 J 9 vy >0} {(Y,e)=0}

Then because the Poisson kernel £ is at least 1 — 7 for a.e. (Q € 0f2, we obtain
lim hindH"™ > (1 — 1) lim ndH",
k=co Jory, >0} k=00 Ja{v, >0}

and together with (2.5) this implies

z / ndH" > (1— 1) / ndH"
{(Y,e)=0} {(Y,e)=0}

for any n € C2°(B;(0)). Therefore
[>1—T.

0

Lemma 6. Let Q) C R""! be unbounded and NTA; let v be a Green’s function
for Q) with pole at co. There exist 6, > 0 and 7, depending only on n so that
for 6 € (0,6,) and 7 € (0,7,), if v € F(o;1;7) in B,(Qo) in the direction v, then
v € F(20;C0;7) in B:s(Qo) in the direction v. The constant C here depends only

on n.

Proof:
Without loss of generality, assume )y = 0 € 012, p = 1 and v = ¢,,,1. Define
n:R" — R by

_ 2
exp (1_91;(@'/2) for |y| < 3

0 otherwise

n(y) =

(The precise choice of test function here isn’t important — we just need to fix

one since some constants will depend upon it.) Let

D ={X € Bi(0);zp1 < 20 — sn(T)},
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where X = (T, 2,,1) € R""!. Choose sy to be the maximum s so that
Bl(O) N {U > 0} C D.

Since 0 € 92 = d{v > 0}, we see that 20 — sy > 0, so sy < 20.

Since v € F(o;1;7) in B;(0) in the direction ¢, 1, there exists Z € 0D N o N
B%(O). Note that 0D N B,(0) is smooth. Let B C D¢ be a tangent ball to D at
Z; because of our chose of  and the fact sy < 20 < 20,,, which is small, we may

take the radius of B to be a constant C,,.
Define a function V' by

AV =0 in D
D= V=0 on 0D N By(0) -
V =20 — | on 0D \ Bl(O)

By the maximum principle, IV > 0 in D. Also, we see that v < V on 0D because
v € F(o;1)in B;(0) in the direction ¢, ;. Thus the maximum principle also tells

us v < Vin D, since v is subharmonic. We also have

X
lim sup v(X) < i

X—2,XeQ dist(X, B) - %(Z)’ (2.6)

where 7i denotes the inward unit normal vector to OD.

For X € D define F'(X) = (20 — 2,41) — V(X). Then F is harmonic on D,
continuous on D and 0 < F < s, on 0D; hence the maximum principle says

0<F <sponD.

Since Z is a smooth point of 0D, standard boundary regularity arguments
(see section 6.2 of [6]) ensure that
sup |[VF(X)| < Csup |F| < Csy < Co.
XeD D

Therefore
oV OF
axn-i—l B
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Consequently,

O (2) = (Vv (2).7

ov
- <VV(Z), ﬁ“‘ 6n+1> —

axn-i—l

< [VV(Z)|[fi + enaal + (1 + Co)

< (14 Co)|ii+ eny1| + (14 Co).

Near Z, 0D is a graph of a vertical translation of 7, so we can calculate the

inward normal vector there:

. sVn(T) —1
n(s) = )
(2) <\/1 + s2[Vn(@)]?’ V14 s2|Vn(@ )

This yields |7 + €,+1| < Co, with C' = C(n).

Putting this together with (2.6), we have
v(X) L ov

li _ Z)<14+C
Jmsup X, B) S o5 2 SHCe
Together with Lemma 5, this gives us
1—7 < limsup v(X) <14 Co.

x—zxeq dist(X, B)

Next let £ € OB s (0) N {znt1 < —1}, and let w, satisfy the equation

Awe =0 in D\ Bi()
we =10 on 0D

We = —Tn+1 on 83% (5)

The Hopf boundary point lemma (see Lemma 3.4 in [6]) ensures that for

some C' = C(n),
s
on
Suppose d > 0 and that for every X € E%(f) we get

(Z)>C > 0.

v(X) < V(X)+ odx,.
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Then by the maximum principle, we have
v(X) <V(X) —odwe(X) on D)\ B%(g).

Consequently,

8V 8&)5
—r < —
1—7 (Z) — o7

(Z) <1+ Co — Cod.
on

Therefore
—7<(Co— é(fd,

SO

Cod < Co—+r,

or

<S4 T
C o
That is to say, if d > % + Z, then there exists X; € B 1 (¢) for which
v(Xe) 2 VI(Xe) +0d (Xe),, 44
Let X € B, (X¢), and recall that V(X) > —x,,41. Then

0(X) = v(Xe) — sup [Vul| X — X¢|

B%(ﬁ)
1
> V(Xe) +0d(Xe)ns1 — Z( 7)
1 T
> —(Xe)nt1 + 0d(Xe)ns1 — 1 1
3 7 1 7
>2 50— - _ L
23787171
1 7 T
=5 787971
1 7 C T
L (P -
=3 8(00n+7) 1

Thus if o and 7 are sufficiently small, we have

1
X)>—>0.
(X) > 15
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This tells us that v is harmonic on Bi (X¢), and so is V —v. Furthermore, we

have V' —v > 0 on B:(X¢) D Bi1(¢), so Harnack’s inequality yields
(V —=0)(€) < C(V —0)(X¢) € —Cod(Xe)nsa < Co,

and

v(&) > V() —Co>—&p1 — Co.
For X e Dn B%(O) thereisa ¢ € 83%(0) and at > 0 such that X = ¢ + te,1;.
Then
v(X) =v(€+tepi)
> (&) —t

2 —(§n+1 + t) —Co.

Since v € F(o;1;7) in B;(0) in the direction e, ., the last inequality proves

v € F(20;Co;7) in By (0) in the direction e, . O

Notation: For y € R", define B/(y) = {(z € R"; |z — y| < r}. In particular,
B! = B.(0). (The point is that our usual ambient space is R"*!, and we wish to

distinguish balls in that space from balls in R".)

Lemma 7. Let Q C R be unbounded and NT A, and let v be a Green’s function
for Q with pole at co. Suppose that (); € 0Q with ); — Q« and o; \, 0, and that
v € F(oj;04;7) in B,,(Q;) in the direction v;.

Let R; be the rotation that maps
{(2/,2ns1) ER"™hz 0 >0} o {X +tr; € R (X 1) = 0and t > 0}.
Define

v;(X) = %U(ijjX +Qj) (2.7)

J
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and for y € B
[ () = sup{h; (y,05h) € 9{v; > 0}},  f; (y) = inf{h; (y, 0;h) € O{v; > 0}}.
Then there exists a subsequence of indices k; such that

limsup fi (z) = liminf f, (). (2.8)
j—oo, z—y J—o0, z—y
Let f(y) denote the function defined by (2.8). Then f is continuous in B, it
satisfies f(0) =0, and f,;g and fk_j converge uniformly to f on compact subsets of

B

Proof: Let D; = {(y,a) € R""; (y,0;a) € d{v; > 0} N B,}. Note that 0 € D;.
Also, because

vj € F(0j;05;7) in By in the direction €, 1,

we see that the scalars a in the definition of D; are in the interval [—1, 1], so
D; C B,. Furthermore, we see that B| C {2'; (¢, x,41) € D,}. We can pass to
a subsequence such that D; converges to a set D, in the Hausdorff distance

sense, and D, C B,.

Fory € B, let A, = {{y;}52, C B};lim;_y; =y} . Define a function f on Bj
by

f(y) = sup limsup f;" (y;).
{yj}E.Ay j—o0

We will show that f(y) is the quantity on both sides of equation (2.8).
Step 1: “f is upper-semicontinuous.”

Let z; € B} satisfy z; — z € B]. We want to show that limsup,_, . f(2z) < f(2).
W.L.O.G. we may pass to a subsequence for which lim, ., f(z) exists and equals
the limit superior of the original sequence. Fix ¢ > 0 and choose {2f}>°, € A,

such that

f(z) — e < limsup f; ().

k—o0
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There is a diagonal-like subsequence {zlk 2, such that

zl’? —z and f,:r(zlkz) > f(z,) — e

Therefore

lim inf fk_z(zil) > f(z).

Thus f(z) > limsup,_ . f(z,) — € = lim; . f(z,) — ¢, and letting ¢ — 0 gives us

the desired inequality.
Step 2: “Upper-semicontinuity implies some flatness.”

Fix y € Bj, and choose y; € Bj so that lim;_. yx = y and limy_.. f; (yx) =
f(y). For x € B!, (z, f(z)) € Dw, so for ¢ > 0 there exists 6. > 0 so that, for
5 € (0,9,),

Do N{(2', 2p11);2" € B'(y,20) and x,,1 > f(y) + €} = 0.

Then because {D;} converges to D, in the Hausdorff-distance sense on com-

pact subsets of B’, we have that for sufficiently large £,
D0 {(2',z,11);2" € Bi(y) and 2,1 > fi (yx) + €} = 0.

That is to say, if (v, z,,11) € Bj(yx) X [oxfi (yx) + oxe, o0) then v(z’, z,,.1) = 0. This
implies that, for some 7,

v € F(%; 1;7) in Bs(yk, 0% f (yi)) in the direction €, .

Now by Lemma 6 we get for k£ large that

g€

KR

g€

v, € F(2 CT’ 7) in Bs (yk, orfi (yx)) in the direction &, ;. (2.9)

Step 3: “Flatness lets us control lim inf f_.”

Now we see that if = € B} (yx) and oxh < oy f; () — C520 = op fi (y) — Ceon
then
fo (2) > fif(yr) — Cefor z € B'% (k) (2.10)
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Let {z;} be any sequence in B such that lim;_,., 2z = y. There exists ky > 1 so

that for k£ > ko, 2, € B (yx), and by the inequality (2.10)

fr (z1) > fif (yi) — Ce.

Letting k — oo, then € — 0, and using the fact that f," (vx) — f(y) as k — oo, we

conclude that

liminf £ (2) > f(y).

k—o00

Since the sequence {z;} tending to y was arbitrary, this gives us equation (2.8).

Note in particular that, because the constant sequence {y, y, v, ...} also tends

to y, we get
f(y) = liminf f-(z) < liminf f;"(y) < limsup f;_(y)
j—oo,z—y Y j—o0 J j—o00 J
<limsup fi (y) < limsup fif(2) = f(y),
J—0o0 J—00,2—=Y

SO

lim fi (y) = F()- (2.11)
Similarly,

lim fi(y) = f(y). (2.12)

Step 4: “Continuity”

We need to show that f is lower semicontinuous. Let z; € Bj satisfy 2z, —
z € B]. We want to show that liminf, .., f(z) > f(z). Similar to what we did in
Step 1, we pass to a subsequence for which lim; ., f(z) exists and equals the
limit inferior of the original sequence. Fix ¢ > 0 and choose {2/}3°, € A,, such

that

flz) +€e> li;ninf fi (zF).
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(This can be achieved now because (2.8) is valid.) There is a diagonal-like sub-

sequence {zlk 2, such that
zlkLL — 2z and f,;(ziz) < f(z,) + e
By the definition of f we have

f(z) < liminf fi-(2) < lim inf fo (9.

J—00,2—2
Thus f(z) < liminf;_ .o f(2,) + € = lim; . f(2;,) + ¢, and letting ¢ — 0 gives us
the desired inequality.
Step 5: “f(0) =0”

This result is immediate because 0 € 9{v;, > 0} implies

[ (0) <0< f£,7(0)
for all k; therefore f(0) = 0 according to (2.8).
Step 6: “Uniform convergence on compact sets”

Here we will use a flatness condition to help argue for uniform convergence

on small balls.

Let K C B’ be compact. Since f is continuous, it is uniformly continuous on

compact sets K, so that given ¢ > 0 there exists 6 > 0 such that
€
\f(x)—f(y)\<1 for |z —y| <9, x,y€K. (2.13)

Then there exists §. > 0 such that equation (2.9) can be written as

ke, 20%; 7) in Bs(y, 0% fif (y)) in the direction &, (2.14)

P47k
vy € F4=5=;2C

for § < . and k > k(y,¢). By compactness, K can be covered by finitely many
balls {B’, (y;) }iv., with

2

Blg_l (yl) C B,, 0 < g
2
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and such that, for 6 < ¢, (2.14) is satisfied for y = y;, £ > k(l,¢). For each

l=1,..,N we have
fly) = lim fi () = lim £y (40),

so there exists j, > 1 such that, for j > joand [ =1, ..., N,

[fi () — fl)] < e and |fi (y) — f(w)] <e (2.15)
and
Uk; € F(4a?€; QCUI:;E; 7)in By, (1, o, fi (yr)) in the direction ),

This flatness condition implies that for z € B, (yi, o, f,;’; (n)),

[ (2) = fif (w)] < Ce. (2.16)

Then since K C |J* B, (y;) we have for j > jo
5

) = FOI < 15 = Kol + 150 — F)l + 1) — £(2)]
< (Ce+e+ 2

where [ is chosen so that z € B (y;). This gives uniform convergence of the
2

sequence { f,:; }, and the calculation for {f, } is the same. O

Lemma 8. Let v satisfy the hypotheses of Lemma 7. Also suppose that 7;0; 250

as j — oo. Then the function f introduced in Lemma 7 is subharmonic in B'.

The additional hypothesis in this lemma should never really be satisfied. It
is part of the negation of the conclusion of Lemma 11 below which will be proved
by contradiction; this result, and the ones that follow, are key ingredients in

that argument.

To accompany the blow-up of the Green’s function in (2.7), we also blow-up

the Poisson kernel: define

hi(Q) = h(ppRiQ + Q). (2.17)
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Proof: Assume, to get a contradiction, that f is not subharmonic in B’.

Then there exists yo € B’ and p > 0 so that B/(y,) C B’ and

s > o s e

Let
1

=13 [f(yo) -/t dH”*] .
9By, (yo)
Let g be the solution to the Dirichlet problem

Ag=10 in B),(yo)
g=f+e ondB(y)

Then

f < gondB(y),
s =1 g = ) i
9B (yo) 0B}, (yo)
1
9(yo) = 3 {f(yo) +][ f(z) dHn—l} :
9B/, (yo)
and

9(vo) < f(vo)-

Summarizing, we have

Ag=0 in B),(yo)
g>f in 0B),(yo) - (2.18)
9(yo) < f(yo)

Let Z = B),(yo) x R. For ¢ defined on R" write
Z*(¢) ={(y,h) € Z;h > ¢(y)}

Z7(¢) ={(y,h) € Z; h < &(y)}
Z°(¢) ={(y.h) € Z;h = o(y)}-
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By adding an arbitrarily small constant v to ¢ if necessary, we may assume

that, for k& sufficiently large,
H"(Z°(org) N O{vy > 0}) = 0,
while g still satisfies (2.18) and
sw =1 g@an={ ) a o
OB (yo) OB (yo)

Claim 1: For £ sufficiently large,

1
(2" (ong) N D > 0}) < -

H"(ZO(%Q) N {vx > 0}).
Claim 2: Let £, = {v, > 0} N Z (0g). Ey is a set of locally finite perimeter and
H”(Z N 8*Ek) S H"(@{vk > O} N Z+(qu)) + Hn({'l}k = 0} N ZO(O‘kg)).

Here 0*E,. denotes the reduced boundary of E;.

Claim 3: There exists a constant C' > 0 such that
H (Z N O Ey) > H(Z°(org)) + Coip
We can use these three claims to obtain the desired contradiction as follows.

H"™ (ZO(O'kg)) + CO' pn < Hn(Z N 8*Ek)
< H"(0{vy > 0} N ZF (o4q)) + H"({v, = 0} N Z%04g))

1+
< T M (20 0kg) 0 (o > 0}) + 1" (o = 0} 1 2 (009))
2
< (2 (o) 0 o > 01) + W2 (ng)),
which implies
2 2Tk gm0
Copp" < T H (Z%(org) N{v, > 0})

27—]@
/1 Vygl|?
l—Tk// +Uk| g|
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For 7, < % and o), < 1, this yields Co? < C'7;, which contradicts the fact that

7.0, > — 0 as k — oo. This contradiction tells us f must be subharmonic in B'.

Proof of Claim 1: Since h;, > 1 — 7, we see that
H%Z*@Mﬁﬁah%>obzi/ M
Z+ (o4 g)N0{uy >0}

<! /
L =7 Jz+ (o g)nofu, >0}

hy, dH".

For ¢ € C>°(R""!) and k large enough we have

—/ Vo, v = / ohy dH™.
{v>0}N8Z* (oxg) {vr>0INZ " (okg)

Letting ¢ — X7+ (5,¢), this yields

_/ V’Uk'V:/ hden,
{vx>0}N0Z+ (o1 9) NHvk>0}NZ+ (okg)

where v denotes the outward pointing unit normal vector. Therefore
=
L =7 J 500002+ (019)

1
1*”%%@%>mmz%@@)

H"(Z " (o1g) N O{vp > 0}) <

|V’Uk|

Proof of Claim 2: This follows immediately from the finite additivity of
H".
Proof of Claim 3: Recall that f is continuous, f < gon 9B/ (yo) and f(yo) >

9(yo). For 6 € (0,6), where & = 1(f(yo) — 9(yo)) > O there exists ry € (0,3) so
that for x € (0, ko)

f|Bén(yo) > 9|Bén(yo) + 0.

For x as above let (, € C°(R") satisfying 0 < (, < 1, ¢t = 1 on B/ (yy), (x =0
outside B}, (yo) and |V(;| < €= for | > 1. Using standard elliptic PDE estimates

one can show that there exists k; € (0, kg) so that if n satisfies

An=—(  in B)(yo)
n=g ondB,(y)
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for k € (0, k) then

n < fon By, (yo).

Moreover note that since 7 is superharmonic and g is harmonic on B/ (y,) then
g < non B (y).

A similar argument to the one presented above guarantees that we can choose
k € (0,k1) so that
H"(Z°(own) N O*Ey) = 0.

We estimate

HY(Z+(own) N O Ey) = / dH"
Z+ (opm)No* Ex,

> / Vg - Vg, dH"
Zt (oxm)No* By,

= / diVVk — / Vg * (—Vk),
ExNZ+(own) 0Z+ (opn)NEy,

where vy (T, x,41) = m( 0, Vn(T),1) is a smooth function on Z. Note

that on Z°(o.n), v is the unit normal pointing into Z*(o;n). Note that
Vi

V14 0| Vn?
An Z VinVinV; Vm

0’ -
\/1—|-0’2|V77|2 (1+ 02| Vn? )

since An < 0 and V?7 is bounded, we get

diVRn+l V — —0, kdiVRn

divgn1vy > —cop.
Hence
H™(ZH (o) NO*Ey) > H(Z°(own) N Ey) — CoiH" ™ (Ey N ZT (04m))
since g < nthen Z*(oyn) C Z*(0org) and

ExNZt (o) = {vp > 0} N ZF (o).
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Since v, € F(oy, 0, 7) in B1(0) in the direction ¢,.; and ¢ is bounded, we get

that

E.N Z+(O'k7]) = {Uk > 0} N Z+(O'k7])
C By (yo) X (=00, 0] N Z " (019)

C B (yo) x [=Coy, 03]

Therefore

H™(ZF (oxn) N O Ey) > H"(Z°(oyn) — Copp”.
A similar argument proves that
H"(Z™(oxn) N 0" Ey) > H"(Z°(oxn) \ Ex,) — CoiH"™  (Z (own) \ Ey).

Note that
Z=(own) \ Ex = Z" (oxn) N {vr, = 0} N ZF (ong),

since H"™(Z~(oxn) N {vr = 0} N Z(oxn)) = 0, we only need to look at the term
Z~ (on)N{v, = 0}NZ " (019). Using again the fact that v, € F(oy; ox; 7%) in B1(0),

we have that
(Z(own) N{vx = 0} N Z ¥ (ong)) C (Z7 (o) N Z* (okg) N B (yo) X [~0k, +00)) .
Recall that on By, (yo), n < f < 1, therefore
Z~(okn) N By, (yo) X [0k, +00) C By (yo) X [—0k, 0x]-

On B (yo) \ By, (v0), An = 0, n = g on 9B, (yo) and n < f on 9By, (yo) thus 7 is
bounded on B/ (yo) \ Bj,(y0) which guarantees that

(27 (xn) 0 (B, (y0) \ Ba(0)) x [=0k,00)) C (B3, (yo) * [0k, o)) -

Hence

H™(Z ™ (oxn) N O*Ey) = H"(Z ™ (oxn) \ Ex) — Cogp".
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We deduce that
H™(Z N O*Ey) > H"(Z%own)) — Colp™

We estimate

H'(Z°(oxm)) — H"(Z°(019)) = / 1+ a2V = /14 02V
%,(Y0)

= [ 1otV + oflVi - Vgl + 20}V — V4.Vg)
By, (yo)

—\/1+0%|Vg|%

Using Taylor’s expansion, the fact that g is harmonic in B/ (yo), g = n on 9B,,(yo)

and Poincare’s inequality we get that for k large enough

W2 o)~ W (20w 2 of [ [Vy=VgP 420} [ (90— g).Vg)— Colyr
By, (yo) By, (yo)

202/( Vi) — Vg|* = Coip

O

Lemma 9. There is a constant C' = C'(n) > 0 such that, for y € B', the function
2

f from Lemma 8 satisfies

0 [" S = sar <

where

fy,?" e ][ f dHn—1.
9B1.(y)

Proof: Without loss of generality, we may assume y = 0. Since f(0) = 0 it is

enough to show that

1

11
0</ — fdH"' < C,
0

N <) oB:
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where C depends only on n. Because f is subharmonic,

0= f(0) < fdH"

dB!.

which proves the first inequality.

Let p > 20; be small and let G, denote the Green’s function of B, (0)N{zp <
0} with pole —pe, ;. By reflection GG, can be extended to a smooth function on
B%(O) \ {xpen+1} with G,(7, z,41) = —G(T, —2p41) for z,,.1 > 0. For j large let
G9(X) = G,(X +0jen41) be defined on By (—0jen41) \{(0;£p)ens1}. We denote by
By = B1(0) and by B”% = Bi(—0jen41). We may assume that H"(@Bé Nno{v,}) = 0.

Green’s formula ensures that

[ Ve = [ 50,6 ==+ o))
B! B
2

2

where 0,G7 = (VGY,v), and v denotes the inward pointing unit normal to 0.
2

On the other hand

—/ (Yo, VGI) :/ b GY dH".
B’ a{v;>0}NBY,
2 2

Let v; denote the inward pointing unit normal vector to 0€2; = d{v; > 0} then

by Green’s formula we have

[ (Gl - ne VG =t p) 4 [ 5a0,6)
B, No{v; >0}
2

B’% N{v; >0}
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Thus we obtain

/ | Tns10,, G dH?
BJ% No{v; >0}

-/ (0 + (nen, )G dHT
B%ﬂa{vj>0}
- / _ (Tnt1 + 0;)0G] dH" + Gi(—(p + 0})ent1) — (05 + )
B N{v;>0}

hs .
_ / ( i <en+l,yj>) Gl dH"
B1na{v;>0} 1=

=T / hiGL dH" + v;(—(p + 0j)ens1) — (0 + )
B%ﬂa{vj}

— / (Tpa1 + vj)&,Gg; dH"
B’ N{v;>0}
2

h; .
— / (1 J —|—<6n+1,l/j>) G) dH" + (1 + 7;)G(—(p + 0j)ent1) — (o, + p)
B%na{vpo} —Tj

— / _ (Tns1 + Gi(1 +73))0,,GI dH™.
B N{v;>0}
2
Since 0, — p < —o; and G; € F(0j;0;;7;) in B;1(0) in the direction e, ;, then

GJ < 0 on 0{v; > 0} N BY. Furthermore, since h; > 1 — 7; on B} N d{v; > 0}, we
2 2

have

h; :
/ ( 4 + <€n+1, I/j>) Gg) <0.
B%ﬁﬁ{vj>0} 1- Tj

Since G;(0) = 0, we get

|Gi(—(p+0j)ens1)] < ;U(IO)) Voi[(p+0;) < (1+75)(p+0j).

Hence

(1 + 7)vi(=(p + 0j)ens1) — (o5 +p) < 375(p + 07).

Since {v; > 0} C {z,4+1 < 05}, for 2,11 < 0; we have in B;(0)

V;(T, Tng1) = |05(T, pgr — 05(T, 05)| < (1+75)(05 — Tny1)
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which yields
Tpi1 < Tng1 +v;(1+75) < (1= (14 75)%)@0s1 + (1 — 75)°0;.

Thus

0< @pi1 + (14 75)v; < (14 75)%0; for 2,41 € [0, 0y],

and

—0j < xpp1 + 1+ 15)v; < (1 +75)0, for z,,44 € [—04,0].

Since v; € F(0;;0,;7;) in By(0) in the direction e, ., with /;(0) = 1 then

T + G514+ 75) = 2pr + (1 +75) (—2p41 — 0y)

v

_zjn—i-l — O'j(l + Tj)

> —0;(1+ ;) for z,11 < —0;.
We combine the fact that 8,,Gg, > ( with the last results to obtain

- / (tnss + (14 7)0,)0,G < o(1 4 7) / 0,GH.
B’ N{v;>0} 9
2

B’ N{v; >0} {zn41<0}
2

Using the fact that aj_zfj < 1 for j large enough, and that 1 > p > 20; we
conclude that

1 . .
— Tp110,G < 90 + 2/ 9,GY.

9j J B} nofv;>0} 8B, N{v;>0}N{zn41<0}
2 2
Thus
1 .
lim sup — / Eniny, G < 2 / 8,G, < Cp.
B, nd{v; >0}
3

j—oo  Oj OB} N{wnt1<0}
Since v; € F(0;,0:7;), we have that x{,,~0} — X{a.,.1<0} @8 j — coin L}, (B1(0))
and 0{v; > 0} = 0Q; — {x,+1 = 0} in the Hausdorff distance sense uniformly
on compact sets. Moreover, since f;r and fj_ converge uniformly to / on compact

sets and VG converges to G, smoothly away from +pe, 1, we have that

Ln+1

sup VGI(T, xn11) — f(2)VGy(z,0)| — 0 as j — oo.

(f,wn+1)€8{vj>0}ﬂBj% gj
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Therefore
1
— (x)V_e,,,Gp(T,0) doz < C.
P JpB,
2
Note that V_. . G, o = —;Gp is radially symmetric on B,. In
Tn4+1=— Tn+1 xn+1:0 5

fact, by definition G,(7,zn+1) = F(z,2p41 + p) — uy(T,x,41) Where F' denotes
the fundamental solution of the Laplacian in R"*! and u, is the unique har-
monic function satisfying Au, = 0 in BN {1 < 0} = B%_ and v, (T, y+1) =
F(x, 2,1 + p) for (T,2,.1) € 83%_. Since F/(Z,xn41 + p) = F(|z|, |Tpt1 + p|), then
Up(T, Tns1) = Up(|2], 2ni1) and G,(T, 41 + p) = Gp(|x|, 2441), Which justifies the

fact that — 2%¢

8JEnJrl

is radially symmetric on B’ .
xn+1:0 2

Let g,(r) = g,(|z|) = =222 (2,0) for z = rf and # € S"~!. With this notation,

O0Tni1

1 1 % n—1
s, T@aa de = [Tt [ oo aoar

On—1

- /2 g, (r) fdH" " dr
p 0 B

<C.

Comparing g,(r) with the Poisson kernel of R"™ with pole at —pe, 1, P,(r),
and using the comparison principle for nonnegative harmonic functions on B
2

we obtain
gp(r) . Gp(X> > Gp(Ap)

= lim n )
Pp(’f’) x—(r0,0) GZO (X) - GZO(AP)
where G7° denotes the Green’s function of R™™! with pole at —pe, 1; and A, =

—2e,i. Since GP(A) < £2: and G, (4,) > ;%’ this means

p

p
gp(r) = Cy (r2 4 p2)(nt1)/2°

Therefore

% Tn—l
/0 (r2 + p2)(n+1)/2 ( 8B',f(x) dfl?) dr < C,
and C only depends on n. Letting p tend to 0, we are done. N
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Lemma 10. The function [ in Lemma 8 is Lipschitz with a constant that only
depends on n. Furthermore, there exists a large constant C' = C(n) > 0 such that
for any given 0 € (0, 1) there exists n = n(f) > 0and | € R™ x {0}, with |I| < C so
that

0
fly) <(l,y) + 37 fory € B).

Proof: For y € B’ , let G, denote the Green’s Function of B’ with pole at y.
16 8

Since f is subharmonic in B, Green’s formula ensures that
2

_ 0Gy(9) pm1 () _
= [ 0P e~ [ an

where A = Af is a nonnegative Radon measure and v denotes the inward-

pointing unit normal to 0B’ . Recall that for ¢ € 0B,
8 8

0GB P 1
——(q) =38 : -
v nwy, ly — q|

Note that for ¢ € 0B, %(q) is a smooth function of y in F/l%. Since |f| < 1 for
8

T,y € FI%S we get that

1@ -1wl=|[ oG- G0 e

+ / G, — G| dA
7

< C\x—y|+/ |Gy — G| dA,
B

8

where C' > 0 is a constant that only depends on n. In order to estimate the
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second term in the right hand side, note that

/le |Gy = Ga| dX < (/ /OI\V&G&(zﬂ dt dA(z)) 2z — y|
<C|x—y\/ / I& |n :

8
where & =tz + (1 — t)y for [0, 1].
Therefore in order to prove that f is Lipschitz on E’l%, we need to show that

there is a constant C' only depending on n such that for ¢ € F%,

d\(z)
—— < (.
/B'1 € — ="

Let ¢ € F/l%, and let G denote the Green’s function of B/ (¢) with pole £. By
Green’s formula we have that if f., = { o/ dH""* then

fr= 8@ = (F=fea = [ G ),
9B;.(§) BJ.(§)
because — %V(x) seomre — 1rn —L . Recalling that G"(z) = C”W — Ln we

obtain for n > 3

(ffr_f)

ﬁm| —_
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For ¢ € E’l%, this yields

/ dA(2) 1 g/ dA(2) e
B, |z — &= B, () |z — &=

We conclude that f is Lipschitz on B’

L
16

Because f is subharmonic, for r € (0,

)

1 id i1
r<s<y SJop, Jr S o T"Joap

IS

and

Let # > 0 depend on 6 to be chosen later. Let » > 0 be small enough so that
C(log +)7' < . There exists s € [r, 1] so that 1-f, ., f < ¢. Let g satisfy Ag =0
in B! and g = f on 0B/, since f is Lipschitz in E/%G and f(0) =0, |f(z)] < Clz|
for z € E’l%. Thus

9(0) = 7[ gl < C¥'s,
a8,

and by the maximum principle
sup [g| < sup |f| < Cs,
B! OB,

which implies
¢

sup |Vg| < C and sup |V3g|
B’ B, S

2 2

Since f is subharmonic on B’, this tells us that for y € B’%

, C
J(y) < gly) < C's + (Vg(0), y) + —[y[*.
That gives us
0 ,
fly) < {ly) +gnfory € B,

where [ = Vg(0), Q = 2CV§ and n = V0's. O
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Lemma 11. Let Q C R"*! be an unbounded domain and a set of locally finite
perimeter such that 0 € 05). Let v be a Green’s function with pole at oo for ),
let h be the associated Poisson kernel. Given 0 € (0,1) there exists oy > 0 and
ne € (0,1) so that if o € (0,09) and 7 € (0,040?%) then for Qy € 0Q, p > 0 if
v € F(o;0;7) in B,(Qo) in the direction v then v € F(0o;1;7) in the direction

B,,(Qo) in the direction 7 and |v — 7| < Co.

Proof: Assume that the lemma is false. Then there exists 6, € (0,1) such
that for every n > 0 (later we specify one) and every nonnegative decreasing

sequence {0} there is a sequence {7;} with Tjaj_z — 0 so that
v € F(0j;04;7;) in B, (Q;) in the direction v;

but
v ¢ F(@QUJ, 17 Tj) in Bm’j (Q])

By Lemmas 8 and 10 we get a function f on B’, satisfying
16

9 !
fly) <(lLy) + 37 for y € B,.

By Lemma 7, f is a uniform limit of the functions fj+. Therefore Lemma 10

yields that, for 6 € (0, 1) there exists > 0 so that for j large enough

[ () < (l,y) +6nfory e By,

which by definition means that
vj(X) =0for X = (7, 2,41) € B,(0) with z,,.1 > 0,;(1,T) + no;.

Letv = (1+ ajz-|l|2)‘% (—o;l,1) so the that previous line implies

Ono;

T > 297’]0’j
1+ o)}

v;j(X) =0for X € B,(0) with (X,v) >

for j large enough. Therefore v € F(20n;;1;7;) in B,(Qo) in the direction v. This

contradicts the statement v ¢ F(6y0;;1;7;) in B,(Qo) in the case § = £. O
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Theorem 1. Assume that Q) C R"*! is an unbounded NTA domain with locally

finite perimeter satisfying the exterior separation property at large scales. Let v

be a Green’s function with pole at oo, and let h be the associated Poisson kernel.

Given § > 0 small enough (depending only on n) there exists ¢ = ¢(§) > 0 such

that if T < e and

h>1-—r,

limsup |Vu(X)|<1+7
X—QedQ, XeQ

and

liminf ©(0,7) < 0,

rT—00

then
O(Q,r) < 326 forall Q € 02 and for all r > 0.

Proof: Fix r > 0. By Lemma 4, (2.19) implies that for @) € 02

liminf ©(Q, ) < 160.

r—00

Let 6 € (0, 1) be such that
CO+20 < 1,

(2.19)

(2.20)

where C' is as in Proposition 6. Let » > 0 be given. Let 0y be as in Lemma

(6), and set ¢ = 0y. Write 0 = 169, and assume that ¢ < o402 and 7 < ¢. By

Proposition 1, v € F(0;1;7) in B,(Q) in the direction v, = 1/(Q), for ) € 952 with

p > r sufficiently large. Next, Lemma 11 ensures that
v € F(fo;1;7) in B,,(Q) in the direction vy.
Lemma 6 then guarantees that

v € F(200;Cfo,T) in Bz (Q) in the direction v.

2
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From this and the inequality (2.20) we conclude that
v € F(o;0;7) in B (Q) in the direction v1.
Iterating the previous argument shows that, for all £ € N and for all ) € 09,

ve F(o;o;7)in B(, )kP(Q) in the direction vy,

SIS

for some v, € S”. Thus for X € B(

)kp(CQ)

SIS

n k
w(X) =0 for (X — Q,1) >0 (5) P (2.21)

and

v(X) > —h(Q) [(X Q) to (g)kp} > 0 for (X — Q, 1) < —0 (g)kp. (2.22)

In particular if L (Q) denotes the n-plane through () orthogonal to vy, equations
(2.21) and (2.22) imply

D [89 NnB )kp(Q); Li(Q) N B(ka(Q)} <o <g)kp.

(

SIS

k+1

There is k > 0 so that (1) r < (g)kp; define r, = (g)kp For P €

p <
00N B,(Q), there exists Z € L,(Q) N B,, (Q) so that |Z — P| < or,. Note that
|Z —Q| <|Z—-P|+|P—-Q| <org+r.

Hence there exists Z’ on the line segment from ) to Z such that |7/ — Q| < r

and |2’ — Z| < ory; moreover, we see that
|Z' = P|<|Z—-Z'|+1|Z - P| <20ry.

Because Z and () are both in the plane L;(Q) and the ball B,(Q), so is the point
Z'. This proves

dist(P, Ly(Q) N B.(Q)) < 207y, for every P € 02N B,.(Q). (2.23)
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Next, for Z € Ly(Q) N B, (Q) there exists Z' € L;(Q) N B,_,,(Q) so that |Z —
Z'l < ory. There exists P € 02N B,, (Q) so that |2’ — P| < or,. This give us
|Z — P| <|Z—-Z'+|Z' — P| < 20r). Moreover,

|P—Q|<|P-Z'+|Z' -Q| <orp+ (r—ory) =7
Thus P € 02N B,(Q). Now we have proved
dist(Z,00 N B.(Q)) < 2071y, for every Z € L (Q) N B,.(Q). (2.24)
Putting together inequalities (2.23) and (2.24) yields
LD[000 B(Q); 1,(Q) 1 B(Q)] < 20

That is to say,
O(Q,r) < 20 for all r > 0.
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Chapter 3
A BOUNDED SETTING WITH A BMO CONDITION

In this chapter we prove estimates on the gradient of a Green’s function
that will allow us to show that a domain is “close to being a ball” in a geometric

sense. We will make use of the following notation for X €  c R**!:

(X)) = dist(X,00).
3.1 Crude Estimates

Lemma 12. Let Go(X) be the Green’s function for an NTA domain Q C R*!
with pole at 0 € ). Let w° be the harmonic measure for Q with pole at 0, and

suppose it satisfies
W(B.(Q)) < Lr"  forallr > 0and Q € 09.

Then for some N = N(L) < co we have

IVGo| < N for X € Quith §(X) < @

Proof: Let R = §(0), so that Br(0) C Q2 and 9Bz(0) N9Q # (. Let r > 0 and
Q € 09 be such that 0 ¢ B.(Q), so that the Riesz decomposition theorem for
subharmonic functions (see Theorem 6.18 in [7]) applied to G gives us

L [BQ)

(n+1)o, tn

][ G(Z) dH™(Z) =
9B, (Q)
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Then because w'(B;(Q)) < Lt", we have
Lr

][aBT(Q)G(Z) H'(2) = (n+ 1o,

Let X € Qwithr =§(X) < £. Select Q € 9Q such that |[X — Q| = r. Since r < £,

we see that 0 ¢ By, (Q)), and the Riesz representation theorem for subharmonic

functions implies

(2 — X - QF C2) o
o)< ST | s )

Since |Z — X| > r for X € 0B,(Q), we now have

Lé(X
GIX) < §][ G(2) arr(z) < 22
2 0B2-(Q) (n + 1)0"
Thus, for N = ﬁ, we have shown
. R
G(X) < N§(X) for X € Qwith §(X) < T

Standard estimates for harmonic functions on {Y € Q;4(Y) < £} now give

IVG(X)| <N for X € Qwith §(X) < <

Lemma 13. Under the same hypothesis as Lemma 12, we see that

5(0) > B = B(L).

Proof: Let R = §(0). Let G denote the Green’s function for B (0) ¢ Q ¢ R"t!
with pole at 0. Let F/(X) denote the fundamental solution of the Laplacian:

C
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Here, C' = m is chosen so that A® = —¢y, the negative point mass at the

origin, in the sense of distributions. Then let v denote the solution of
Au=0 1in{
u=>® ondQ

{Aa — 0 in B(0)

and let @ be the solution of

u=%® on JdBg(0) '
Then Gy = ® —uon Q and G = ® — @ on Bg(0). Therefore
G-G=(@—-u)—(P—a)=u—u on Bg(0). (3.1)
Because Br(0) C €2 and ¢ is radially decreasing, we see that

max d <
o) - Rn—l

because ¢(Q) < % for ) € 09). Therefore, by the maximum principle, we get

C
"SR

where the right side is the (constant) value of @ on 0Bg(0). Therefore u < @ on

0BRr(0). Inserting this into (3.1) yields

G>G on Bg(0).

Therefore, for any Q € 02 N 9Bg(0) (which is nonempty), we get
i G(B=h ()Y _

i GURQ) - GQ)
h—0

G("7'Q) - G(Q)

< limsu
o h—>0p h
1 [E R—t
< limsu —/ VG(— )‘ dt
h—>0ph R—h R Q

<N,
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with NV as in Lemma 12. But we know from direct calculation that

~ 1
X)| = ———.
VEX)| = Srom
Consequently,
~ 1
G = .
VEQI = —
This gives us
1
<N
o, R —
and therefore
R> (anN)_%

O

The point of this argument was that ) contains a ball, centered at the origin,
with a radius bounded below in terms of the data L and the dimension of the
space. Later in this chapter, we will improve this estimate by showing that )
contains a ball whose radius is in fact much larger: close the radius of a ball
with the same surface measure as 0). However, these estimates will only work
out if we add the following hypotheses regarding the domain: we will assume

that ) is non-tangentially accessible and Ahlfors regular.
3.2 A Finer Estimate on the Gradient of the Green’s Function

The next technical lemma is an ingredient for the proof of Theorem 2.

Lemma 14. Suppose that G, is a Green’s function for a bounded domain ) C
R"*! that is NTA and Ahlfors regular, and k is the corresponding Poisson kernel
satisfying ko < C' < oo. Let ﬁ(Q) be the nontangential limit function of VG, on
0. Then since ko € L} (dH™), for H" a.e. Q € 9 we have

loc

F(Q) = ko(Q)7H(Q)

where 1 is the inward-unit normal vector to Of).
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The proof of this lemma is contained in [14]. It is Lemma 3.2 in that article.

Theorem 2. Let ) C R*""! be an Ahlfors regular, non-tangentially accessible
domain with NTA constant M, and assume 0 € Q. Let Gy(X ) denote the Green’s
function for Q with pole at 0, let w° denote the harmonic measure for Q) with pole

at the origin, and let kq denote the associated Poisson kernel. Suppose that
W(B.(Q)) < Lr"  forallr > 0and Q € 09.

Then there exists a constant o > 0 depending only on M such that for X € ()

with §(X) < % we have

IVGo(X)| < /8 ) ko (Q)dw™ + C(X)*. (3.2)

The constant C depends only on n, M and L.

Proof: Fix X € Q with §(X) < 2% and select Q, € 90 with |Q, — X| = 6(X).
Let ¢ € O <Bm (Q0)>, with

&(Z)=1 for |Z—Qq| < @, (3.3)
0<o¢<1, (3.4)
and
C C
V| < 50) and |Ag¢| < OB (3.5)

In particular, ¢ = 0 in By 4(0).

Let G denote the Green’s function for 2 with pole at Z. For Z € () define
wo : ) — R by

wol(Z) = / G2 (Y)A[6(Y)VGo(Y)] dY.
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Here, A[¢p(Y)VGy(Y)] denotes the vector whose i entry is A[p(Y)2% (V).

aY;
Hence for Y # 0 we have

(ABYTGo(Y )], = Al () T2 (V)
— (O RY) +296(Y) - VY + 6(M)ATY)
= (Ao ) G2 ) +2V0(Y) VLY,

In the last line we used the observation that %—C}?(Y) is harmonic away from
the origin. For the sake of convenience, we will use the following notation: Let
Vé(Y) - V(VGy(Y)) denote the vector whose i entry is Vo(Y) - V%—%(Y). Then

we have

Alp(Y)VGo(Y)] = (Ap(Y))VGo + 2Ve(Y) - VIVGo(Y)].

Now we define

w(Z) = / G2 (Y)AG(Y)VGo(Y) dY

and

W(Z) =2 / GA(Y)VO(Y) - V(VGo(Y)) dY.

Thus we obtain wy = wj + w?. These vector-valued integrals converge for all
7 € () because ¢ is supported away from the singularity of GG at the origin, so
each integrand is a Green’s function G (YY) multiplied by a smooth, compactly
supported function. We will be able to analyze each of the terms w} and w?
separately. We will demonstrate that these terms have the kind of decay at 02

that we need in the last term in (3.2).

Standard estimates for harmonic functions give us

Go(Y)
o(Y)

Go(Y)
oY)’

IVGo(Y)| < C and  |V2Go(Y)| < C (3.6)
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with C' = C'(n). The second inequality implies in particular that

Go(Y)

V(VG()| < OF

If we let R = 5(8—0), we have sptVo,sptA¢ C Bsr(Qo) \ Br(Qo), because ¢
is constant outside Byr(()y) and inside Br(Qy). Consequently, and because of

(3.5),

wp(X)] < 2/Q |Gx(V)[[Vo(Y)[[V(VGo(Y)] dY

C Go(Y)
< v Gx(Y 4y, 3.7
~ 0(0) /R<|Y—Q0|<2R x(¥) 62(Y) 3D

with C' = C(n). Next, let A, = A(Qo, ) be an interior NTA point for @, so that

%slAs—QOISS

and

S
> —.
5(A) = -

Then for Y € QN B(Qo,2R) \ B(Qo, R), we have

Gy(Y)<C [%} a G, (V) (3.8)

with C'= C(M), for some 0 < a < 1 (see Lemma 4.1 in [9]).

From the comparison principle (Lemma 4.10 in [9]), we see for the same Y

that

Ga(Y) Go(Y)
—_ < , C=C(M).
Gap(Asr) = Go(Azg) (M)
Given this, we have
Go(Y C Go(Y)

Ga,(Y) < CGa,(Asr) C=C(M). (3.9
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Consequently,

W) < / a0 4y

< 6(X) 1" Go(Y)
<50 /yQ [5(0) } Can (V)

O [3(x)]° C GolY) Go(Y)
: [ }/R§|Y_QO|S236<0>"—1G<A2R> 2(v)

O [0 1 G(Y)
- {(xoﬂ GlAan) /RSY_QO@R 2(v) (6.10

day

We used (3.7) to obtain the first line above, (3.8) to obtain the second line, and
(3.9) to obtain the third line.

% dY. Since 2 is NTA, there

Next, we would like to estimate [, <Y —Qo|<2R &

exists C' = C(M) > 1 such that

w?(Bsiy)(Q))

< Sy )

< C,

according to Lemma 4.8 in [9]. Thus

w?(Bsiv)(Q))

Gy(O) <(C 5(Y)"_1 ,
hence

Gy (0) w?(Bsiyv)(Q))

i) =T

Because of the symmetry of the Green’s function,

Go(Y) - CWO(BJ(Y)(Q))

0
) S 5Y) < CL. (3.11)

The second inequality in the last line makes use of the hypothesis that for all
r > 0and Q € 09, we have w°(B(Q,r)). This now gives us

G3(Y) >
dYy < CL*s(0)"! (3.12)
/R<|Y—Qo<2R 62(Y) ©)
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(having recalled that R = (T) and this implies

G3(Y)
Wi (X)) < 5(0 { ] A2R R<|y—Qol<2r 0%(Y)

2
CL [ }G S0 Gy .12)
0 2

dy  (by (3.10))

CC;OL(ZQR) [ 5(0) ] ' (3.13)

The point is that this term will vanish like 6(X)* as 6(X) — 0.

Next we try to estimate

W (X) = / G (Y)AG(Y)VGy(Y) dY.

Using the fact that sptA¢ C {R < |Y — Qo] < 2R}, we get

w0 = | G (V)| A6(Y)|[VGo(Y)] dY

R<|Y=Qo|<2R

5/ Gx(V)|VGy(Y)| Y (by (3.5)
5(0) R<|Y—Qo|<2R

c Gol(Y)
< G+ (Y dy by (3.6
< /R o OO (by (3.6))

5(X)]° Gol(Y)
5<o>} /R<|Y_Qo|<m Ca (V)5

5(X)] ° 1 / Go(Y)?
<(C dYy by (3.9
N [ 6(0)" T Go(A2r) Jr<y—qgo|<2r 0(Y) (by (3.9

dY  (by (3.8))

5(X)r 1 1 /
=Ch Go(Y)dY (by(3.11
N |: 5(0)n+1 GO(AZR) R<|Y—Qo|<2R 0( ) ( y( ))

o)1 1 1 / |
oY)dy by (3.11
L 0(0) | 6(0)" Go(Azr) Jr<)y—qol<2r (Y) (by ( ) again)

) e
L6007 1 1 5(0)
=CL50) ] 500 GolAzn) /R<|Y_QO<2R ek

(since 4(Y) < [V — Q| < 22

< CL?

= CL*
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The value of the constant C' changed from line to line in this calculation, but at

each step it depended only on n and on the NTA constant M. Thus we have

| o, 0(0)  [o(X)]" _
|WO(X)| SCL GO(AZR) _5(0)_ ) C—C(?’L,M)
Combining this with (3.13) gives us
,» 6(0) [o(X)]" _
lwo(X)| < CL GolAon) |300) | C=C(n,M).
Next, let
f(X) = o(X)VG(X) + wo(X). (3.14)

Note that f(X) is a harmonic vector-valued function in € since

Af(X) = A(X)VGE(X)) + Aw(X

= A(¢(X) )+ A / Gx(Y)A[B(Y)VG(Y)dY
= A((X)VG(X)) - A[p(X)VG(X)]
= 0.

In the third line we used the fact that AGx(Y) = —dx, the point mass at X.
Observe also that
f(X)=0 ondQ\ Bs4(Qo)
because spt ¢ C Bj)/4(Qo) and spt wy C Bj()/4(Qo)-
According to Lemma 14, N(¢VGy) € L'(9Q;w?) for all Z € Q. (Here, N(g)
denotes the non-tangential limit function on Jf2 arising from a function g on

Q.) Then because w is bounded, we also have N(w,) € L'(99;w?) for all Z € Q.
Thus N(f(X)) € L'(9Q;w?) for all Z € Q. Consequently,

F(X) = /m F(Q) do®  forall X € O,

where F'((Q) is the non-tangential limit function for f(.X), which again by Lemma

14 satisfies
[F(Q)| = ¢(Q)ko(Q).
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So for X € Bjs()/4(Qo), we know that ¢(X) = 1, giving us

IVG(X)] = [f(X) = wo(X)]

(3.15)

Note that
Go(Azr) < sup  [VGo(Y)[0(Az2r)
{5(Y)<2R}
<2NR (by Lemma 12)
N§(0)

4
Inserting this into (3.15) gives us

CNIL?
Ba

ko(Q) dw™ + CNL? [%} a < /8 ) ko(Q) dw™ +

VG| < |

o0

o(X)%,

using Lemma 13 to obtain the final inequality. Because C and o depend only

on the NTA constant M, this is exactly what we wanted to prove.

3.3 The Inside Ball

In the remainder of this chapter, we prove that if the logarithm of the Poisson
kernel has small BMO-seminorm, relative to other geometric constants for 02,
then 2 is close to being a ball. In particular, we prove that ) contains a ball,
and that it is contained in a ball, and that the radii of these two balls are very

close to one another. Ahlfors regularity plays in important role here.
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The following result makes use of the gradient estimates above on a Green’s
function near the boundary to show that () must contain a relatively large ball.
The radius of the ball must be, in fact, close to the radius of the ball whose
surface area is the same as that of 0¢). We define the function space BMO(0%)
as follows: f € BMO(01?) if and only if

| f l|lBmo:= sup Sup][’f — ][f dH"| dH" < co.

Qe r>0
This quantity is a seminorm: || f ||zmo= 0 if and only if f = k& H"-almost

everywhere for some constant k. Because under our hypotheses, (02, H") is a

homogeneous space, the John-Nirenberg Inequality holds:

(oo, o

Here, I' > 0 and v > 0 depend only on n, H"(02) and the Ahlfors regularity

> e) < TellmoH"(9Q) for f e BMO(OQ). (3.16)

constant A.

Theorem 3. Consider a bounded, non-tangentially accessible domain Q) C R**!
with NTA constant M > 1 such that 0 € Q). Let w denote the harmonic measure
for Q with pole at 0, and let h be the corresponding Poisson kernel. Write R =
0(0), and assume that

(i) 09 is bounded and Ahlfors regular,
i % < H'B@r)no%)

Tn

< A, for some A > 1

and for all Q € 092, 0 < r < diam(Q);
(i) logh € BMO(0O2,H"), with | logh ||pmo= € small; and
(i1i) w(B(Q,7)) < Lr" for all Q € 9Q,r > 0.

There exists a positive function F defined on R* with lim,~ o F(n) = 0 such that
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The function F depends only on the geometric data n, M, A, L and H"(0S2).

Proof:
First observe that the assumption w(B(Q,r)) < Lr™ implies h < LA for H"-
a.e. € 09, since for all Lebesgue points () of h we have

1
H(B,:(Q))

1 n w(B(Q)) Lr™
H™(B.(Q)) /T(Q) e = H™(B,(Q)) = L b

Let G denote the Green’s function for 2 with pole at 0.

Consider the domain Q;, = {X € Q;G(X) > t} U {0}. Let G' denote the
Green’s function for 2, with pole at 0. Observe that G*(X) = max{G(X) —¢,0}.
The boundary of ; is {X € Q; G(X) = t}. According to Theorem 2, we have

/ hdH" — h(Q) asr—0
T(Q)

and

IVG(X)| < / h(Q) dw™ + C§(X)~

o0

/ 60
{h< oy b

eco
< — dw® + / hQ) dw™ + C5(X)~
\Ahg €0 } Hn(aQ) {h>7Hﬁng)}

H(00)

h(Q) dw™ + / h(Q) dw™ + CS(X)

€0
{h>sgivoay b

e
< - dw™ + / h(Q) dw™ + C§(X)~
on H™(09) {h> s 5a)
e
- 4 h(Q) dw™ + C6(X)*  (since wX(9Q) = 1)
—— /{ (o) (X) (09)

€0
> Hﬁ(asz) }

e
< + LA / dw™ + C6(X)* (since h < LA)
H"(0Q) o (X)

e€0
> 5 o0y )

- x e .
_Hn(aQ)+LAw <{h>Hn(m)})+0(n,M,L)5(X). (3.17)

We would like to estimate the size of w*({h > %}) in order to continue.

Suppose that for some () € 02 we have

log h(Q) — ][ logh dH"™ < €.

o0
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Then

log h(Q) < 7[ log h dH" + €,
o9

and exponentiating both sides yields

h(Q) < e®exp (][ log h dH") < 650][ h dH",
o0 00

with the last estimate following from Jensen’s Inequality. Thus we have h(Q) <

<2 This argument proves that

H(00) *
e n
{h > H"(@Q)} C {logh(Q) — ][89 logh dH" > eo}
C { log h(Q) —][ logh dH"™| > eo}.

o9
We can now employ the John-Nirenberg Inequality for BAM O functions to
log h(Q) — ][ log h dH"

e (et ] ene] o))

and then using the hypothesis that w(B,(Q)) < Lr", we will be able to turn this
into an estimate for

il -o})

To make use of this fact about w, we need to be more specific about the point

estimate

log h(Q) — ][ log h dH"

o0

X so that we can employ Harnack’s inequality to derive a similar estimate for

wX.

Let G = ® — ¢ on Q, where ® is the fundamental solution of Laplace’s equa-

tion on R*"™, (V) = IYI%’ and ¢ is the correction function satisfying

Ap=0 on¢)
o= on )
Notice that ® is positive, and therefore so is ¢ by the strong maximum principle.

Thus we have for Y € 0B (0) that

C 4=
G(Y) = &(Y) = 6(¥) < B(Y) = (i) 7

4
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From Lemma 13 we have

o0) 2 W—Nwr'

Consequently,

1-2n
4n—1 n n _ 1 anl
Gy) <=7 N§”1 :

—C(n,L) forY € dBsw(0).

With this estimate, and the fact that G = 0 on 052, the maximum principle also
gives us

G(Y)<C(n,L) onR""\ Bsq/(0),
where we have extended G to be zero on °.

If we assume that ¢ is small enough so that 92, C R"™ \ Bs« (0), Lemma
4

(4.1) in [9] now gives us
G(X) < MC(n,L)§(X)? for X € o8,
where 5 > 0 depends only on M. That is to say,
t < MC(n,L)6(X)",

SO

Note also that for small ¢,

SO

Let
R; = sup{r > 0; B,(0) C ;}.

Then 89, N 9B, (0) # 0. Fix X € 9, N Bx, (0).
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The distance from 0 to X is

R, t
X — = =
| 0= A ¢ 5 (MC'(n, L))
<J\/[C(n,L))

Because 2 is an NTA domain, there is a Harnack chain from 0 to X of length

@l

=

at most Mk, where k is the least integer greater than log, (%) . In
particular, if ¢ is small enough, depending on M, L and n, then

k < 2log, Ry

t B8
MC(n,L)

Now we apply Harnack’s inequality to each ball in the Harnack chain to obtain

that, for any nonnegative harmonic function u on €,

u(X) < MFu(0) = 20082 Mky () < _ B u(0).

MC(n,L)

Since w" ({|log h —,,log h dH"| > €0 }) is a nonnegative harmonic function of

Y, it follows that
> € })

(4
R,
(st

log h — 7[ log h dH"
o9

2logy M

= w({[log H"(9)h| = €o}).

Tl

We can apply (3.16) to get

. SR

< DeToent= H™(992).

log h — ][ log h dH™
[2}9]

logh — ][ log h dH™
o0

)
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Therefore

2logy, M

WX ({|log HM(OQ)h| > €}) < Te Mol H™ ()

DN
ﬁ
MC’(nL

— C(n, M, L)R?*% M= Dt 1 (90).

We now take t = ¢y = /|| logh ||. to get
2logg M

WX ({[log HM ()R] > €}) < C(n, M, )T RZ®2M e~ 7 e 0 H"(09).

The isoperimetric inequality gives us an a priori bound on R;:

< (Hﬂ(asz))i

On

Thus we have

2logo M _

WX ({[log H" (O] > €}) < C(n, M, L, H"(0Q))Te, © e H™OQ).

We also know that the constants I' and ~ from the John-Nirenberg inequality
depend only on n, H"(02) and A (the Ahlfors-regularity constant), so we obtain

({| log H"(OQ)h| > €}) < C(n, M, L, A, H"(02)) < g 65—3) )
Write
2logg M _4
Fi(e) = LAC(n, M, L, A,H"(0%2)) (E_TeT> :

where C(n, M, L, A, H"(0f?)) is as in the previous line. This is a power function
of ¢ multiplied by a function that decays exponentially as ¢ — 0, so the whole

quantity approaches zero as ¢ does. We can now write

Fl(Eo)
LA’

W ({|log H"(0)h] > €o}) <

and plugging this into (3.17) gives us

€
e 0

H™(09)

IVG(X)| < + Fi(eo) + C(n, M, L)3(X)°.
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We can also bound ¢(X) in terms of G(X) =t = €. An argument using Harnack

chains and the Harnack Inequality shows that
G(X) > Cs(X)”,

where C' and o > 0 depend only on M and 6(0). Because §(0) can be bounded

below in terms of L, we get

1
ol

5(X) < C(n, M, L)G(X)w.

Thus

‘VG(X” S +F1<60)+C<n7 M7L>€6&7

H(09)
with & > 0.

Setting F(n) = Fi(n) + C(n, M, L)n®, we see that F(n) — 0 asn — 0 and

€
e 0

IVG(X)| < H(00) + F(€o).

The function /" has the properties stated in the theorem.

Let G denote the Green’s function for By, (0) with pole at the origin. By the
comparison principle, we see that G < G' on B(0, R,), and we have G(X) =
G'(X) = 0. Therefore

e

VE(P) < VG (P)| = [VG(P) < 35505

+ F(ep).

We also know that
1 1 1

- - > 7
ol X" o R} T o, R"
where R = sup{r > 0; B(0,r) C Q}, because R; < R. Therefore

1 e

<
o, R — H"(00)

VG(X))

+ F(e).

Consequently,

v )]

as claimed.
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3.4 The Outside Ball

For this part of the argument, we rely on the fact above, that ) contains a
relatively large ball. The idea then is to use Ahlfors regularity to show that the

boundary 0f) cannot stray too far from the inner ball.

Theorem 4. Let ), w and h be as in Theorem 3, let Ry = §(0) = sup{r; B.(0) C
Q}, and let Ry = inf{r > 0;QQ C B,.(0)}. There exists a constant C' > 0 depending
only on the parameters n, M, A, L and H"(0N2) such that for sufficiently small €,
we have

R2 S Rl(l + 065?)

Proof: Let Q, € 09 satisfy |Qy| = R,. Define a ‘projection’ on R"*1 \ {0} by

P(X) = %R’l if | X| < RY |
XRYAf|X] 2 R
where .

€0 n
Notice that this R] is the lower bound on the radius of the inner ball guaranteed

by Theorem 3.

Figure 3.1: The darkened arcs on the figure at right represent the image under
the projection P of the ellipse in the left figure.
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The idea is to show that the part of P(02) that gets projected onto 0B/ (0)
can’t have large H"™ measure, so that there isn’t much of 9 that’s very far
away from 0Bp; (0). Once we have control of the measure of this set, Ahlfors

regularity will allow us to control the actual distance from 0Bp; (0).

Notice that the restriction of the projection to each set BY,, and Bgr: \ Bg
satisfies |P(X) — P(Y)| < |X — Y| (even though it does not have this property
on their union); hence H"(P(0Q2) N B,) < H* (02N BY,,) and H" (P(0Q) N Bprr) <
H" (02N Bgr) (since B C 2). Therefore

H"(P(09)) < H"(09).

Let

H(P(09) N OBy (0))
H™(0Bry(0))

This is the fraction of 0Bg/(0) covered by the projection of J©2 under P. Then

H(P(0S2) N 0By (0))
LS T (0B 0)

Thus we have

H(P(9)) = H™(P(Q) N 0B (0)) + H" (P(32) N 9By (0))
> (1= t)on[R}]" + ton(RI)"

1
= (1 —t)o,[R]" + ton (R + ).
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Therefore

H™(09) > H(P(09))

=) (s 710) | (o + Fe)) +_]

-1
e t 1

In the second-to-last line we used the inequality (a + b)" > a™ + b" for a,b > 0.

We now have

-1
e t L

H" D F .2
(00) > <Hn(a§z) (60)) o0 0

and solving for ¢ yields

1
t <C¢°

HM (99) — (m + F(eo)) : ] | (3.18)

This give us an upper bound on the measure of P(9€) N 9Bgy(0) (more pre-
cisely, on the fraction, in terms of H"-measure, of the sphere 0By, (0) covered

by P(0)).

The term in square braces is at most the order of ¢, (which can be seen by

looking at a Taylor series expansion of a — ﬁ for = near 0), so we obtain

t<Ce  with C = C(n, M, L, H*(D)).
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Now because the ball B|q, g/ (Qo) lies completely outside Br/(0), we get

%(|QO| — R))" < H"(92 N B(Qo, |Qo| — R!)) (by Ahlfors Regularity)
< H"(992\ B(0, RY))
= H"(0Q) — H" (02N B(0, RY))
< H"(0Q) — H" (P02 B(0, RY)))
= H"(09) — H"(P(9) N OB(0, R}))
<H"(0Q) — (1 —t)H (0, RY))

)
"(0B
H'(09) — (1 - t)o [ ( +F(eo)))_%]n

— HMOQ) — (1 — 1) (H"@Q) + F(€o))—1
_, (m +F<€O))_1 + | HM00) - (% +F(eo>) _1]
H(09) — (% + F(€0)) _1]

H™(00) — (% + F(EO)) B

< CegH™0Q) +

1
< Ceir,

where in the last line we used the Taylor expansion again to see that the term
1
in brackets is at most ¢y, which is less than ¢;" for small values of ¢). So we now
have
1 I\ n %
L (1Qo] = B < O,
Hence

(|Qo] — RY) < Ceg®  (for C' = C(n, M, L, H"(6%2), A)).

Then since |Qo| = Ry and R; > R} = R] — €2, we obtain

1
Ry — Ry < Ce2,
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that is,
1
Rg S Rl + CES_"Q_

Using the lower bound on R; obtained in Theorem 1, we can write this result
in the form

1

Ry < Ri(1+4Ce”)  (for C = C(n, H"(09), A, L, M)).
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