Angular Momentum





In order to complete our transcription of Newton’s Laws from translational to rotational form, we need a definition of angular momentum that “fits” with our other definitions.  We can define angular momentum to be anything we want, but our lives will be simpler if we come up with a definition that matches our definition of linear momentum so that we do not have to invent new principles of physics.


WHEN ROTATIONAL INERTIA IS CONSTANT.


We are often interested in the rotation of a rigid object (a bicycle wheel or a turbine in an electric generator) which does not change mass or shape as it rotates.


Using the definition of rotational inertia, discuss what must happen in order for the rotational (moment of) inertia of an object to change?


Write down the definition of linear momentum.


Write down the simplest possible transcription of the answer to question 2 in terms of rotational variables.


Your answer to part 3 above is our first guess as to a useful formula for angular momentum.  Now we have to test it.


Angular momentum is usually given the variable name “� EMBED Equation.2  ���”  (notice we use a script letter so that it is not confused with the number “1”).  Write your answer from part 3 as a (possible) definition:  � EMBED Equation.2  ���


Now keeping in mind that we are dealing with the special case when rotational inertia is constant, see if this gives a reasonable result for Newton’s second law by completing the following equation:


� EMBED Equation.2  ���


Does this answer make sense?


Consider the case where the axis of rotation is fixed.  Does your answer to part B agree with your intuition?


What about a “top” that is free to change its axis of rotation?  Imagine that the axis of rotation and external forces are as shown in the diagram below.  Assuming that the “pivot point” of the top will not move, what will happen to the angular momentum vector?


What will the top do?


� EMBED Word.Picture.6  ���


�
THE GENERAL CASE:    Whether rotational inertia is constant or not.


Often we are interested in the rotation of an object that changes shape as it rotates, such as an ice skater, a whirlpool, or a solar system.  Astronomers must consider objects that rapidly change their mass as they rotate as well.  In these cases rotational inertia is not constant, but conservation of angular momentum is still one of the most powerful tools. 


It is easiest to imagine that we are at the origin of our coordinate system.  We identify a position vector � EMBED Equation.2  ��� with every object in our coordinate system (in the past we have referred to the position vector as � EMBED Equation.2  ���,  but � EMBED Equation.2  ��� is the same thing).  We will think about the motion of all objects with respect to this origin and we will think about the rotation of all objects about this origin.  (It is only a small extension of these ideas to think of rotation about any point in space, but for now we will think about rotation around the origin.)


In order to preserve everything that we know about momentum in the case where things are rotating, we need to insure that the following statements are true:


In the absence of external torques, angular momentum is conserved,


The net torque on an object is equal to the rate of change of angular momentum.


Focus on the second statement.  Write the second statement as an equation, in the case where only a single torque is acting.


Your answer to #1 is where we’re going. To get there, we have to start from a place we know.  Write the translational version of that equation (again, only one force).


What can you do to your answer to question 2 to make it closer to question 1?  (If you need a hint, read the paragraph below.)


By now you should have an equation that involves torque and the expression


 “� EMBED Equation.2  ���” which is fine except that we want an expression of the form “� EMBED Equation.2  ���” which is different in the sense that it is a “total derivative” and not the cross product of something else (the position vector � EMBED Equation.2  ���) with a derivative.  We’re actually very close.


Does it seem legitimate to write    � EMBED Equation.2  ��� ?   What seems to be wrong? 


If you have not done so already, go ahead and write it out.  Finish the equation:


� EMBED Equation.2  ���


Think about the term you added in part 5:


What is  � EMBED Equation.2  ���?  What is a more common way to write it?


What is � EMBED Equation.2  ���?  What is the mathematical definition?


Using the more common way to write � EMBED Equation.2  ���, and the mathematical definition of � EMBED Equation.2  ���, rewrite “� EMBED Equation.2  ���”:


How big is � EMBED Equation.2  ���?   (You know enough to answer this question exactly!)


Ask yourself again, is it legitimate to write    � EMBED Equation.2  ��� ?   


Is it legitimate to write � EMBED Equation.2  ���?


How should we define angular momentum?
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